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Motivated by the importance of understanding various competing mechanisms to the current-induced spin-
orbit torque on magnetization in complex magnets, we develop a unified theory of current-induced spin-orbital
coupled dynamics in magnetic heterostructures. The theory describes angular momentum transfer between dif-
ferent degrees of freedom in solids, e.g., the electron orbital and spin, the crystal lattice, and the magnetic order
parameter. Based on the continuity equations for the spin and orbital angular momenta, we derive equations
of motion that relate spin and orbital current fluxes and torques describing the transfer of angular momentum
between different degrees of freedom, achieved in a steady state under an applied external electric field. We
then propose a classification scheme for the mechanisms of the current-induced torque in magnetic bilayers.
Based on our first-principles implementation within the density functional theory, we apply our formalism to
two different magnetic bilayers, Fe/W(110) and Ni/W(110), which are chosen such that the orbital and spin
Hall effects in W have opposite sign and the resulting spin- and orbital-mediated torques can compete with each
other. We find that while the spin torque arising from the spin Hall effect of W is the dominant mechanism of the
current-induced torque in Fe/W(110), the dominant mechanism in Ni/W(110) is the orbital torque originating in
the orbital Hall effect of the non-magnetic substrate. It leads to negative and positive effective spin Hall angles,
respectively, which can be directly identified in experiments. This clearly demonstrates that our formalism is
ideal for studying the angular momentum transfer dynamics in spin-orbit coupled systems as it goes beyond the
“spin current picture” by naturally incorporating the spin and orbital degrees of freedom on an equal footing.
Our calculations reveal that, in addition to the spin and orbital torque, other contributions such as the interfacial
torque and self-induced anomalous torque within the ferromagnet are not negligible in both material systems.
I. INTRODUCTION
Spin-orbit coupling plays a central role in a plethora of
phenomena occurring in magnetic multilayers [1]. Current-
induced spin-orbit torque is one of the most important ex-
amples, and is a workhorse in the field of spintronics [2, 3].
In contrast to spin-transfer torque in spin valve structures,
a device utilizing spin-orbit torque does not require an ex-
tra ferromagnetic layer to create spin polarized current. In-
stead, nonequilibrium spin currents and spin densities are gen-
erated in nonmagnetic materials due to spin-orbit coupling.
The magnitude of spin-obit torque can be sufficient to in-
duce magnetic switching, as demonstrated in magnetic bilay-
ers consisting of a nonmagnet and a ferromagnet [4–8]. Spin-
orbit torque also enables fast current-induced magnetic do-
main wall motion [9–12]. Several microscopic mechanisms of
current-induced spin-orbit torque have been proposed. How-
ever, quantification of the individual contributions is challeng-
ing both theoretically and experimentally. Moreover, our un-
derstanding of the phenomenon based on the properties of the
electronic structure is rather unsatisfactory yet.
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In this work, we examine the fundamental physical na-
ture of spin-orbit torque in the view of angular momentum
exchange between different degrees of freedom in solids.
The possible channels for angular momentum transfer among
these degrees of freedom are schematically shown in Fig. 1.
It is conceptually important to separate (i) angular momen-
tum carried by a conduction electron angular momentum en-
coded in its orbital and spin parts of the wave function, (ii)
mechanical angular momentum of the lattice, and (iii) spin
angular momentum encoded into the local magnetic moment
emerging as a result of magnetic ordering. These degrees of
freedom interact with each other and exchange angular mo-
mentum. For example, spin-orbit coupling mediates an an-
gular momentum transfer between spin and orbital degrees of
the electron, crystal field potential leads to an orbital angu-
lar momentum transfer between the electron and the lattice,
and exchange interaction enables spin transfer between the
conduction electron’s spin and local magnetic moment. In its
most profound definition, the spin-orbit torque is understood
as an angular momentum flow from the surrounding lattice
harvested by the local magnetic moment − a process which is
mediated by spin-orbit entangled electrons. Here, taking this
fundamental viewpoint as the foundation, we provide a unified
and complete picture of possible scenarios on current-induced
torque on the magnetization.
Depending on the specifics of a particular angular momen-
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2FIG. 1. Interactions between angular-momentum-carrying degrees of freedom in solids: spin and orbital of the electron, the crystal lattice,
and the local magnetic moment. Orange arrows indicate microscopic interactions by which angular momentum is exchanged: the spin-orbit
coupling for interaction between the spin and orbital momenta of an electron, crystal field potential for the interaction between the lattice and
the orbital angular momentum of the electron, and exchange interaction for the interaction between the local magnetic moment and the spin
of the electron. The orbital and lattice in the left column can have both electric and magnetic excitations, while the spin and local magnetic
moment in the right column have only magnetic excitations. This property marks the orbital degree of freedom as an essential element in
describing magnetoelectric responses, such as the current-induced torque.
tum exchange transfer channel, which takes place in different
parts of the solid e.g. in the bulk or at the interface, we can un-
derstand various competing mechanisms in non-uniform mag-
netic heterostructures in an unified manner. Here, we choose
to consider a bilayer geometry− comprising a nonmagnet ad-
jecent to a ferromagnet − which is most widely studied in
experiments. Within our viewpoint, we classify the mecha-
nisms of the current-induced torque into four different scenar-
ios, which are schematically illustrated in Fig. 2. The clas-
sification is based on two independent criteria: (1) the spatial
origin of the spin-orbit interaction, and (2) the spatial origin of
the current responsible for the angular momentum generation,
which is absorbed by the magnetization. This classification is
discussed in detail below, and demonstration of its relevance
and completeness is the main goal of this work.
In magnetic bilayers consisting of a nonmagnet and a fer-
romagnet, the spin Hall effect arising from the nonmagnet is
considered to be one of the main mechanisms for generating
a torque on the magnetization of the ferromagnet [5, 6]. That
is, an electrical current in the nonmagnet induces a transverse
spin current, which is injected into the ferromagnet and re-
sults in a torque (upper left panel in Fig. 2). In this picture,
the spin Hall conductivity of the nonmagnet is assumed to be
a bulk property, and the spin injection and resulting torque
generation on the local magnetic moment is explained by the
theory of the spin-transfer torque [13, 14]. We denote such
contribution due to spin injection from the nonmagnet as a
spin torque. This analysis considers the spin-orbit coupling
only in the nonmagnet and neglects the spin-orbit coupling
at the nonmagnet/ferromagnet interface and in the ferromag-
net. Moreover, current-induced effects from the ferromag-
net are neglected. The spin-orbit coupling effect at the non-
magnet/ferromagnet interface has been considered to be an-
other dominant mechanism and intensively investigated [15–
23]. Since the Rashba-type interfacial states are formed at the
nonmagnet/ferromagnet interface due to the broken inversion
symmetry [24–26], scattering of electrons from the interface
leads to finite spin density and current [22, 23], which inter-
acts with and exerts a torque on the local magnetic moments
of the ferromagnet (upper right panel in Fig. 2). We denote
this contribution as interfacial torque.
While the role of spin-orbit coupling in the ferromagnet
has been considered to be negligible as compared to that of
the spin-orbit coupling in the nonmagnet, which usually com-
prises heavy atomic species, it has been found that spin-orbit
coupling in the ferromagnet can induce a sizable amount of
self-induced torque by the generation of the intrinsic spin cur-
rent, e.g., via the spin Hall effect [27–29]. The corresponding
torque contribution is called the anomalous torque in analogy
to the anomalous Hall effect in the ferromagnet [28]. When
3FIG. 2. Classification of the mechanisms of the current-induced torque. The row represents the origin of spin-orbit coupling in either the
nonmagnet or in the ferromagnet. The column represents the locality of the torque: i.e., whether the torque acting on the ferromagnet originates
from the electrical current flowing in the nonmagnet (nonlocal) or in the ferromagnet itself (local). The red arrows represent the spin, and the
blue arrows represent the orbital angular momentum. The local magnetic moment is represented with a big yellow arrow.
inversion symmetry is present in a stand-alone ferromagnet,
the net anomalous torque amounts to zero. However, in the
nonmagnet/ferromagnet bilayer, where the inversion symme-
try is broken at the interface, the anomalous torque may exert
a finite torque (lower right panel in Fig. 2), comparable to
the spin torque and interfacial torque. The above mechanisms
(spin torque, interfacial torque, and anomalous torque) arise
from spin-dependent scattering in the bulk or at the interface,
and rely on the concept of spin current or spin density.
Recently, a mechanism of the torque generation based
on the orbital angular momentum injection has been pro-
posed [30]. This mechanism is fundamentally different from
the other mechanisms in that it requires the consideration of
the orbital part of the electron’s angular momentum, rather
than its spin. Called the orbital torque, it relies on two pro-
cesses as described in lower left panel of Fig. 2. First, the
orbital angular momentum or its current is generated, which
can be achieved for instance by the orbital Hall effect [31–
34]. Second, the orbital angular momentum is injected into the
ferromagnet and transfers its angular momentum to the local
magnetic moment. In this process, the injected orbital angular
momentum should couple to the spin of the conduction elec-
tron, which interacts with the local magnetic moment via the
exchange interaction. Thus, it requires the spin-orbit coupling
within the ferromagnet. Since the orbital Hall conductivity
can be truly gigantic, exceeding that of the spin Hall conduc-
tivity of heavy elements [31, 32] by an order of magnitude,
the orbital torque contribution to the current-induced torque
can be substantial (note that in the remainder of the paper, we
use the terms current-induced spin-orbit torque and current-
induced torque interchangeably). Moreover, since the orbital
Hall effect does not require the spin-orbit coupling, which is
in contrast to the spin Hall effect, the orbital Hall conductivity
is gigantic even in light elements [33, 34].
In nonmagnet/ferromagnet bilayers, the orbital Hall effect
and spin Hall effect coexist in the nonmagnet, especially when
the nonmagnet consists of heavy elements. Thus, depend-
ing on the material combinations, the orbital torque and spin
torque may add up or cancel each other [30]. To enhance the
torque efficiency of the device, it is favorable to have the same
sign of the orbital torque and spin torque. On the other hand,
the case when the sign of the orbital torque and spin torque are
opposite is of interest as well, because when the magnitude of
the orbital torque is larger than that of the spin torque, the
sign of the measured effective spin Hall angle in the nonmag-
net/ferromagnet bilayer will be opposite to the sign promoted
by the spin Hall conductivity of the nonmagnet. Considering
that the sign is a more robust quantity than the magnitude in
torque measurements, such a sign change can serve as the first
hint of an active orbital torque mechanism.
It turns out that all of the above mentioned mechanisms
(spin torque, interfacial torque, anomalous torque, and orbital
4torque) contribute to both fieldlike torque and and damping-
like torque, often with comparable magnitudes. The former
gives rise to a precessional motion of the magnetization with
respect to the spin accumulation direction, and the latter leads
the magnetization to point away/toward an effective field di-
rection. This complicates the analysis of the experiments.
Since previous theoretical models have been developed as-
suming a restricted setup and evaluated only specific contri-
butions [22, 27], e.g., when the spin-orbit coupling exists only
at the interface, it is hard to compare magnitudes of different
contributions directly. On the other hand, first-principles ap-
proaches often evaluate the total torque from linear response
theory [35–40], which makes it difficult to assess contribu-
tions by different mechanisms quantitatively.
Thus, it is necessary to develop a unified theory within
which different mechanisms of the current-induced torque are
classified and can be separately evaluated for a given system.
This would bridge the gap between the theoretical pictures set
up by models and first-principles calculations of real materi-
als. The main difficulty here lies in the nonlocality of magne-
toelectric coupling [41, 42] and different sources of the spin-
orbit coupling. The orbital torque mechanism [30] is highly
nonlocal in nature, with the orbital current converted into the
spin current in the ferromagnet. In view of the existing anal-
ysis based on the spin current, the orbital torque mechanism
appears abnormal as the spin current seems to emerge out of
nowhere, while in fact it originates in the orbital current. This
implies that tracing only the spin current inevitably fails to
describe the orbital torque. In general, the spin is not con-
served in the presence of spin-orbit coupling, and the spin
current does not directly correspond to the spin accumulation
or torque on the local magnetic moment [43]. However, it is
important to realize that the angular momentum of the spin is
not simply lost. Instead, it is transferred to other degrees of
freedom. Therefore, in our theory, we track not only the flow
of spin but also the flow of orbital angular momentum, as well
as their interactions with other degrees of freedom in solids,
such as crystal lattice and local magnetic moment. Detailed
analysis of the transfer of angular momentum between these
channels provides a long-sought insight into the microscopic
nature of different competing mechanisms of current-induced
torque.
Recent theories imply that the current-induced dynamics
and transport of the spin in the presence of spin-orbit cou-
pling originate in the orbital degrees of freedom [32, 33]. For
example, while the orbital Hall effect occurs regardless of the
spin-orbit coupling, the spin Hall effect is a consequence of
the orbital Hall effect by virtue of the spin-orbit coupling [33].
Depending on the correlation (or relative orientation) between
the spin and orbital angular momentum, the relative sign of
the orbital Hall effect and spin Hall effect may be the same
or opposite, following Hund’s rule behavior [32, 33]. In this
sense, the orbital Hall effect can be considered as a precur-
sor to the spin Hall effect. Another example is a Rashba-type
state, which is responsible for the interfacial torque genera-
tion. It is well known that the Rashba state originates in a
chiral orbital angular momentum texture [44–46]. Such an
orbital Rashba effect persists even in the absence of spin-
orbit coupling, which induces current-induced orbital dynam-
ics and transport [47, 48]. Through spin-orbit coupling, the
orbital Rashba state couples to the spin and the spin texture
emerges, thus leading to spin dynamics. In general, such a
hierarchy is expected to be a rather universal feature. The
reason is the following: in the microscopic Hamiltonian of
the electrons in solids, the spin cannot interact with an exter-
nal electric field unless the spin-orbit coupling is present. On
the other hand, the orbital degree of freedom, originated in
the real-space behavior of the wave functions and distribution
of charge, directly couples to an external electric field (see
Fig. 1). Hence, under the perturbation by an external elec-
tric field, the orbital dynamics is expected to occur prior to
the spin dynamics and regardless of the spin-orbit coupling,
and the spin dynamics becomes correlated with the orbital dy-
namics due to the spin-orbit coupling. Therefore, the orbital
degree of freedom should be explicitly incorporated into a the-
oretical formulation to properly describe the current-induced
torque, or magnetoelectric coupling phenomena in general.
This will help to achieve clarity in resolving various contri-
butions to the current-induced torques.
In this paper, we develop a theoretical formalism that can
track the flow and transfer of the angular momentum between
spin and orbital degrees of freedom of electrons, the crys-
tal lattice, and the local magnetic moment in the presence of
an external electric field. Following the continuity equations
for the spin and orbital angular momentum of the electron,
which was outlined in Ref. [49], we clarify every channel for
the angular momentum transfer: between spin-orbital, orbital-
lattice, and spin-local magnetic moment. Then we derive
equations of motion which hold in the steady state in the pres-
ence of an external electric field. For the angular momentum
transfer between electron’s spin and local magnetic moment,
which is directly related to the current-induced torque, we
propose criteria for classifying different microscopic mech-
anisms based on physical properties: whether the magneto-
electric coupling is of local or nonlocal nature and whether it
originates in the atomic spin-orbit coupling of the nonmagnet
or the ferromagnet. In this way, we classify the mechanism of
the current-induced torque as spin torque, orbital torque, inter-
facial torque, and anomalous torque, and separately evaluate
them for a given system.
As a proof of principle, we implement our formalism
in the density functional theory framework, and perform
first-principles calculations for two real material systems:
Fe/W(110) and Ni/W(110), which are carefully chosen with
the expectation that the spin torque and orbital torque have
an opposite sign in these bilayers. We show that the current-
induced torque in Fe/W(110) is dominated by the spin torque
contribution, that is, the spin current flux in Fe equals the
torque acting on the local magnetic moment. As a result, the
effective spin Hall angle is negative, as it is well known for
W. On the other hand, we find that the orbital torque is dom-
inant over the spin torque in Ni/W(110). As a result, it leads
to a positive sign of the effective spin Hall angle, which is
opposite to the sign of the spin Hall conductivity in W. This
peculiar result is due to a positive sign of the orbital Hall con-
ductivity in W. In Ni/W(110) it is found that angular momen-
5tum transfer from the orbital to the spin channel is pronounced
in the ferromagnet, which is a crucial requirement for the or-
bital torque mechanism. We attribute the different behavior of
Fe/W(110) and Ni/W(110) to the difference in the electronic
structure, where the correlation between the spin and orbital
angular momenta in the ferromagnet is more pronounced in
Ni/W(110) than Fe/W(110) near the Fermi energy. In addi-
tion, we find that the interfacial torque and anomalous torque
are not negligible in both Fe/W(110) and Ni/W(110). These
results clearly demonstrate the advantages of our theoretical
formalism tracking the flow and transfer of the angular mo-
mentum through various degrees of freedom. Moreover, a
different sign of the effective spin Hall angle in two different
systems can be readily measured in experiment.
The paper is organized as follows. In Sec. II, we develop a
theoretical formalism that describes angular momentum trans-
fer between the spin and the orbital angular momentum of
the electron, lattice, and local magnetic moment in the steady
state under an external electric field. We propose a classifica-
tion scheme for the mechanisms of current-induced torque and
provide definitions of spin torque, orbital torque, interfacial
torque, and anomalous torque. In Sec. III, we apply this for-
malism to perform a first principles study of current induced
torques in Fe/W(110) and Ni/W(110) bilayers. In Sec. IV, we
further discuss the disentangling of the various mechanisms
of current-induced torque and comment on several issues of
orbital transport and dynamics. This includes similarity and
difference between the orbital current and spin current, and
implications on experiments. Finally, Sec. V summarizes and
concludes the paper.
II. THEORETICAL FORMALISM
A. Overview
In this section, we develop a theoretical formalism that de-
scribes angular momentum transfer between different degrees
of freedom to identify competing mechanisms of the current-
induced torque separately. Before presenting detailed equa-
tions, we provide a motivation and an overview of the for-
malism that we aim to derive. Figure 1 shows interactions
between spin and orbital momenta of the electron, lattice, and
local magnetic moment, each of which carry angular momen-
tum in solids. Considering microscopic interactions, the elec-
tron’s spin interacts with the local magnetic moment via the
exchange interaction, the electron’s orbital moment interacts
with the lattice via the crystal field potential, and the electron’s
spin and orbital momenta are coupled by the spin-orbit cou-
pling. It is important to note that the local magnetic moment
and the electron’s spin on the right column of Fig. 1 are re-
lated to magnetic excitations, i.e., in the absence of spin-orbit
coupling they do not respond to an electric field. On the other
hand, the electron’s orbital and the crystal lattice, in the left
column of Fig. 1, react to an application of an external elec-
tric field, and their orbital dynamics couples to a magnetic
field. Therefore, the electronic orbital degree of freedom is
a core element in describing magnetoelectric coupling, e.g.,
the current-induced torque. Note that a charge excitation of
the ions in the lattice is efficiently screened by the electrons
in metals, which are our main interest in this paper. More-
over, we assume that the lattice degrees of freedom are frozen
(absence of a phonon excitation) and we neglect a coupling
between the ions and an external electric field. Therefore,
according to this physical picture, the current-induced torque
arises as follows: An external electric field excites the orbital
dynamics, with which the spin dynamics is entangled by the
spin-orbit coupling. The resulting spin dynamics alters the
local magnetic moment by the exchange interaction.
An exception to this picture is a noncollinear magnet, where
the orbital angular momentum is associated with the scalar
spin chirality [50, 51] or Skyrmion charge [52, 53]. Here,
spin and orbital momenta may interact even without relativis-
tic spin-orbit coupling [54]. Although such topological orbital
angular momentum exhibits exotic dynamic phenomena asso-
ciated with complex spin structures [55], we leave this case to
future work.
In the rest of this section, we first define different mecha-
nisms of the current-induced torque in Sec. II B, which we
aim to disentangle for a given magnetic bilayer system. To
achieve this, we start from the effective single-particle Hamil-
tonian to separately define the spin-orbit coupling, the crystal
field potential, and the exchange interaction, which is adapted
for the density functional theory framework (Sec. II C). Then
we derive the continuity equations for the spin and orbital an-
gular momentum in Sec. II D. In the continuity equations,
rates for the changes of the spin and orbital angular mo-
mentum are captured by the influxes of the spin and orbital
angular momentum as well as torques describing the angu-
lar momentum transfer between different degrees of freedom.
To evaluate individual contributions appearing in the conti-
nuity equations under an external electric field, we consider
interband and intraband contributions within the Kubo for-
mula (Sec. II E). However, we point out that the interband
contribution does not satisfy the stationary condition in the
steady state (Sec. II F). To resolve this problem, we propose a
balance-type equation that describe a relation between the in-
terband and intraband contributions in the steady state, which
we call the interband-intraband correspondence. The appli-
cation of the interband-intraband correspondence to the con-
tinuity equations of the spin and orbital angular momentum
leads to the equations of motion (Sec. II G), which is the main
result of this section. Meanwhile, the intraband contribution
satisfies the stationary condition by itself, for which we derive
the equations of motion as well.
B. Classifying Mechanisms of the Current-Induced Torque
We aim to identify and disentangle various competing
mechanisms for the current-induced torque with our formal-
ism. Before presenting the detailed formalism, we define vari-
ous mechanisms of the current-induced torque more precisely.
We consider two independent criteria: (1) whether it is an ef-
fect due to spin-orbit coupling in the nonmagnet or the ferro-
magnet, and (2) whether it is due to electrical current flowing
6in the nonmagnet or in the ferromagnet. Figure 2 presents a
table of the mechanisms of the current-induced torque, where
the row classifies whether the spin-orbit coupling originates
in the nonmagnet or in the ferromagnet, and the column clas-
sifies whether the nature of the torque response is nonlocal or
local. We define the nonlocal and local nature of the torque
as the response arising in the ferromagnet from the electri-
cal current flowing in the nonmagnet and the torque arising in
the ferromagnet from the electrical current flowing in the non-
magnet, respectively. Thus, we classify microscopic mecha-
nisms of the current-induced torque as follows:
• Spin torque (nonlocal, spin-orbit coupling from non-
magnet): Electric current flowing in the nonmagnet
generates a transverse spin current via the spin Hall ef-
fect. The spin current is injected to the ferromagnet and
transferred to the local magnetic moment.
• Orbital torque (nonlocal, spin-orbit coupling from fer-
romagnet): Electric current flowing in the nonmagnet
generates a transverse orbital current via the orbital
Hall effect. The orbital current is injected into the fer-
romagnet and couples the spin in the ferromagnet via
spin-orbit coupling. The converted spin or spin current
generate a torque on the local magnetic moment.
• Interfacial torque (local, spin-orbit coupling from non-
magnet): Electric current flowing in the ferromagnet
scatters from the nonmagnet/ferromagnet interface. By
the spin-orbit coupling of the nonmagnet, the interfa-
cial scattering may alter the direction of the spin, i.e.,
by spin-orbit filtering or spin-orbit precession [23]. The
reflected spin exerts torque on the local magnetic mo-
ment.
• Anomalous torque (local, spin-orbit coupling from fer-
romagnet): Electric current flowing in the ferromagnet
induces transverse spin current via the spin Hall effect.
As the inversion symmetry is broken by the nonmag-
net/ferromagnet interface, spin accumulation at the top
and at the bottom of the ferromagnet become asymmet-
ric, leading to a finite torque on the local magnetic mo-
ment.
We remark that the our definition of the interfacial torque is
restricted rather than general. For example, our definition ne-
glect an effect of the current flowing in the nonmagnet in the
proximity of the interface. The spin Hall or orbital Hall cur-
rent in the nonmagnet may be enhanced near the interface, but
we include this effect into the definition of the spin torque or
the orbital torque, respectively. Thus, the definition of the in-
terfacial torque agrees with the picture that spin-orbit effects
in the ferromagnet originate in the proximity-induced spin-
orbit coupling from the nonmagnet. Meanwhile, we empha-
size that not only the orbital torque but also all the other mech-
anisms involve an excitation of the orbital angular momentum
or its current, because electric response of the spin follows the
orbital response via spin-orbit coupling.
C. Effective Single-Particle Hamiltonian
Within the effective single-particle description, such as the
Kohn-Sham treatment within the density functional theory,
the general electronic Hamiltonian in a solid is formally writ-
ten as
H =
∫
d3rΨ†(r)
[
p2
2m
+ Veff(r)
]
Ψ(r), (1)
where Ψ(r) and Ψ†(r) are electron annihilation and creation
field operators in the second quantization representation, re-
spectively. Here, p = −ih¯∇r is the momentum operator,
h¯ is the reduced Plank constant, and m is the electron mass.
The effective single-particle potential Veff(r) can be divided
into the spin-orbit coupling VSO(r), the exchange interaction
VXC(r), and the crystal field potential VCF(r):
Veff(r) = VSO(r) + VXC(r) + VCF(r). (2)
We define VCF(r) such that it is independent of the spin.
The spin-orbit coupling and exchange interaction are explic-
itly written as
VSO(r) = βσ ·∇rVCF(r)× p, (3)
VXC(r) = µBΩXC(r) · σ, (4)
respectively. Here, σ is the vector of the Pauli matrices repre-
senting the spin, β = h¯/4m2c2 with the speed of light c, µB is
the Bohr magneton, and ΩXC(r) is an effective magnetic field
caused by the exchange interaction. We construct VSO(r) by
neglecting VXC(r) as an approximation. Note that the degrees
of freedom of the lattice and the local magnetic moment are
implicitly included in this description, entering as coordinates
in the respective potentials VXC(r) and VCF(r). In the eval-
uation of operators we use symmetrized representations such
that the hermiticity is kept in the numerical implementation.
However, we present non-symmetrized forms throughout the
paper for notational brevity.
D. Continuity Equations for Spin and Orbital Angular
Momenta
The continuity equations for spin and orbital angular mo-
mentum have been introduced by Haney and Stiles in Ref.
[49]. Here, we derive the expression adapted for the first-
principles calculation based on the density functional theory,
starting from the general single particle Hamiltonian [Eqs. (1)
and (2)]. In the Heisenberg picture (indicated by the hat sym-
bol below), we define the orbital angular momentum and spin
density operators as
lˆ(r, t) = Ψˆ†(r, t)LΨˆ(r, t), (5a)
sˆ(r, t) = Ψˆ†(r, t)SΨˆ(r, t). (5b)
While the spin S is represented by the vector of the Pauli ma-
trices S = (h¯/2)σ, evaluation of the orbital angular momen-
tum is nontrivial in periodic solids because the position r is
ill-defined under periodic boundary conditions. Nonetheless,
7we can calculate the orbital angular momentum with respect
to the atomic spheres called muffin tins centered at the posi-
tions of the atoms:
L =
∑
µ
Lµ, (6a)
Lµ = Θ(Rµ − rµ) (rµ × p) . (6b)
Here, Θ(x) is the Heaviside step function, µ is the index
of an atom in the unit cell whose center is located at τµ,
rµ = r − τµ is the displacement from the atom center, and
Rµ is the radius of the muffin tin. This method is called
atom-centered approximation, and it gives a reliable result
when orbital currents are associated with partially occupied
d or f shells, which are localized around atomic centers.
Thus, the usage of the atom-centered approximation is jus-
tified in magnetic bilayers consisting of transition metal ele-
ments, Fe/W(110) and Ni/W(110), which are in the focus of
our study. Under the atom-centered approximation, the size of
the region in real space which gives rise to the orbital angular
moment is smaller than that of a wave packet, thus the orbital
can be treated as an internal degree of freedom, similar to the
spin (see Sec. IV B for the discussion). However, the atom-
centered approximation neglects contributions from nonlocal
currents, e.g., in Chern insulators and noncollinear magnets
[56], and ultimately one should resort to the modern theory of
orbital magnetization [57–59].
For the orbital angular momentum and spin densities de-
fined in Eq. (5), we can derive continuity equations from the
Heisenberg equations of motion. These are formally written
as
∂lˆα(r, t)
∂t
=
1
ih¯
[
lˆα(r, t), Hˆ(t)
]
= −∇r · QˆLα(r, t) + TˆLα(r, t), (7a)
∂sˆα(r, t)
∂t
=
1
ih¯
[
sˆα(r, t), Hˆ(t)
]
= −∇r · QˆSα(r, t) + TˆSα(r, t), (7b)
where α = x, y, z. Here,
QˆLα(r, t) =
1
2
Ψˆ†(r, t) {Lα,v} Ψˆ(r, t), (8a)
QˆSα(r, t) =
1
2
Ψˆ†(r, t) {Sα,v} Ψˆ(r, t), (8b)
are orbital and spin current operators, respectively, where
v =
ih¯
2m
(
∇Lr −∇Rr
)
+ βσ ×∇rVCF(r) (9)
is the velocity operator (∇Lr and∇Rr act on the left and on the
right, respectively), and
TˆL(r, t) =
1
ih¯
Ψˆ†(r, t)[L, Veff(r)]Ψˆ(r, t), (10a)
TˆS(r, t) =
1
ih¯
Ψˆ†(r, t)[S, Veff(r)]Ψˆ(r, t) (10b)
are torque operators for the orbital angular momentum and
spin, respectively.
The appearance of the torques in Eq. (7) signals the fact
that the orbital angular momentum and spin are not conserved.
This implies that the angular momentum is transferred from
the electron to other degrees of freedom as described in Fig. 1.
The electrons exchange orbital angular momentum with the
lattice and with the electron’s spin via the crystal field po-
tential VCF(r) and spin-orbit potential VSO(r), respectively.
Thus, the torque acting on the orbital angular momentum of
the electron is decomposed as
TˆL(r, t) = TˆLCF(r, t) + Tˆ
L
SO(r, t), (11)
where
TˆLCF(r, t) =
1
ih¯
Ψˆ†(r, t)[L, VCF(r) + VXC(r)]Ψˆ(r, t), (12)
TˆLSO(r, t) =
1
ih¯
Ψˆ†(r, t)[L, VSO(r)]Ψˆ(r, t). (13)
We denote TˆLCF(r, t) as the crystal field torque and Tˆ
L
SO(r, t)
as the spin-orbital torque. Note that we included the effect
of VXC(r) in the definition of the crystal field torque, as it
contains non-spherical component in general. On the other
hand, the electron exchanges the spin angular momentum with
the local magnetic moment and the electron’s orbital angular
momentum via VXC(r) and VSO(r), respectively. Thus, the
torque acting on the electron’s spin can be decomposed as
TˆS(r, t) = TˆSXC(r, t) + Tˆ
S
SO(r, t), (14)
where
TˆSXC(r, t) =
1
ih¯
Ψˆ†(r, t)[S, VXC(r)]Ψˆ(r, t), (15)
TˆSSO(r, t) =
1
ih¯
Ψˆ†(r, t)[S, VSO(r)]Ψˆ(r, t). (16)
We denote TˆSXC(r, t) as the exchange torque and Tˆ
S
SO(r, t) as
the spin-orbital torque. Note that TˆLSO(r, t) and Tˆ
S
SO(r, t) dif-
fer, and we specify them as the spin-orbital torques acting on
the orbital and spin, respectively.
We have a few remarks on the different torques and their
definitions. In the absence of the spin-orbit coupling, the
spin-orbital torques vanish. Thus in a steady state, where
〈∂sˆα(r, t)/∂t〉 = 0, Eq. (7b) becomes 〈TSαXC(r)〉 = ∇r ·〈QSα(r)〉. Here, 〈· · · 〉 represents expectation value in the
steady state. This implies that the spin current divergence is
absorbed by the local magnetic moment. Thus, this corre-
sponds to the spin-transfer torque in the absence of the spin-
orbit coupling. If we consider the opposite situation where
the spin current flux is absent, occurring e.g. in atomically
thin magnetic films, where the spin current effect can be ne-
glected along the perpendicular direction to the film plane, Eq.
(7b) becomes 〈TSαXC(r)〉 = −〈TSαSO (r)〉. Thus, the exchange
torque amounts to the spin-orbital torque. This is related to
the widely used terminology, spin-orbit torque [15]. How-
ever, in our terminology, the net torque acting on the local
magnetic moment is the exchange torque, which may differ
from the spin-orbital torque due to the presence of the spin
current flux. In general, both the spin current flux and spin-
orbital torque contribute to the exchange torque.
8We obtain additional insight from explicitly evaluating the
torques in a simplified situation. Let us first consider the ex-
change torque. By using Eqs. (4) and (15), the exchange
torque can be written as
TˆSXC(r, t) = µBΨˆ
†(r, t) [σ ×ΩXC(r)] Ψˆ(r, t) (17)
in general. Thus, it describes a precession of the spin with
respect to the direction of the exchange field. On the other
hand, by using Eqs. (3) and (16), the spin-orbital torque acting
on the spin is formally written as
TˆSSO(r, t) = βΨˆ
†(r, t) [σ × {∇rVCF(r)× p}] Ψˆ(r, t).
(18)
Since it depends on the spatial gradient of VCF(r), the
dominant contribution to it is concentrated near the atom
centers, where VCF(r) is almost spherical. Thus, within
the muffin tins, we can approximately write ∇rVCF(r) ≈∑
µ Θ (Rµ − rµ) [∂VCF(rµ)/∂rµ]. Within this approxima-
tion
VSO(r) ≈
∑
µ
Ψˆ†(r, t) [ξµ(rµ)Lµ · σ] Ψˆ(r, t). (19)
Thus, the spin-orbital torque becomes
TˆSSO(r, t) ≈
∑
µ
ξµ(rµ) (Lµ × σ) , (20)
where
ξµ(rµ) =
β
rµ
dVCF(rµ)
drµ
(21)
is the strength of the spin-orbit coupling for the µ-th atom.
Therefore, Eq. (20) indicates that the spin-orbital torque de-
scribes a mutual precession between the orbital angular mo-
mentum and the spin. That is,
TˆSSO(r, t) ≈ −TˆLSO(r, t). (22)
While it is approximately true in most systems, we keep super-
scripts S and L separately, because TˆSSO(r, t) and −TˆLSO(r, t)
differ in general due to nonspherical contributions to the
VSO(r) although it is small.
Meanwhile, the crystal field torque cannot be expressed in
simple terms. In general, it describes an angular momentum
transfer between the lattice and the electronic orbital angular
momentum. It originates due to the breaking of the continuous
rotation symmetry by the crystal field, which differentiates
specific directions depending on the structure of the crystal,
and leads to various anisotropic effects.
E. Kubo Formula: Interband and Intraband Responses
The current-induced torque corresponds to the response of
the exchange torque to an electric field, [Eqs. (15) and (17)].
One of the most widely used approaches for its calculation
is the linear response theory, where often interband and in-
traband contributions are evaluated separately. The interband
contribution originates in the change of a given state by a co-
herent superposition of the eigenstates for a given k: in re-
sponse to an external electric field E = Exxˆ the periodic part
of the Bloch state |unk〉 changes as
|unk〉 → |unk〉+ |δunk〉 , (23)
where
|δunk〉 = ih¯eEx
∑
m6=n
|umk〉 〈umk| vx(k) |unk〉
(Enk − Emk + iη)2
. (24)
Here, e > 0 is the absolute value of the charge of the elec-
tron, k is the crystal momentum, Enk is the energy eigen-
value for the periodic part of the n-th Bloch state |unk〉. The
infinitesimally small number η > 0 arises from the causal-
ity relation. That is, in describing time-evolution of the state,
the electric field is adiabatically turned on from t = −∞ to
t = 0 by the vector potential A(t) = −teηt/h¯Exxˆ such that
E = −∂A(t)/∂t. As a result, the interband response of an
observable O is given by
〈O〉inter = 2
∑
nk
fnkRe [〈unk| O(k) |δunk〉] , (25)
where fnk is the Fermi-Dirac distribution function for the
state |unk〉. By combining Eqs. (24) and (25) and manipu-
lating the dummy indices n and m, we arrive at
〈O〉inter = eh¯Ex
∑
n6=m
∑
k
(fnk − fmk) (26)
×Im
[ 〈unk| O(k) |umk〉 〈umk| vx(k) |unk〉
(Enk − Emk + iη)2
]
.
Here, we define O(k) = e−ik·rOeik·r in k-space. The inter-
band contribution in Eq. (26) is also known as the intrinsic
contribution since it depends only on the electronic structure,
the eigenstates and their energy eigenvalues in the ground
state.
On the other hand, the intraband response arises due to a
shift of the Fermi surface by disorder scattering. The leading
contribution arises from the change of the occupation func-
tion:
〈O〉intra =
∑
nk
(fnk+∆k − fnk) 〈unk| O(k) |unk〉 ,
(27)
which is also referred to as Boltzmann-like contribution. Here,
∆kx = −eExτ/h¯ is the shift of the Fermi surface caused by
the electric field E = Exxˆ, and τ is the momentum relaxation
time. Up to linear order in ∆k,
fnk+∆k − fnk ≈ h¯∆kf ′nk 〈unk| vx(k) |unk〉 , (28)
where f ′nk = ∂fnk/∂Enk. Thus, the intraband contribution
is written as
〈O〉intra = −eExτ
∑
nk
f ′nk〈unk| O(k) |unk〉
×〈unk| vx(k) |unk〉 . (29)
9Note that it is described by a single phenomenological param-
eter τ , which is assumed to be state-independent. As τ in-
creases, i.e., as the resistivity decreases, the intraband contri-
bution linearly increases. In general, the momentum relax-
ation time depends on the particular state in the electronic
structure. In ferromagnets, for example, it is known that
the momentum relaxation times of the majority and minority
electrons are different, which plays an important role in un-
derstanding various magnetotransport effects [60]. However,
within the approach that we pursue here, as given by Eq. (29),
we do not consider these effects.
F. Stationary Condition in the Steady State
A serious problem of the linear response described by Eqs.
(26) and (29) is that the stationary condition is not satisfied.
That is, 〈
dO
dt
〉intra
+
〈
dO
dt
〉inter
6= 0, (30)
where dO/dt = [O,H]/ih¯. Thus, the continuity equa-
tions (7) are not satisfied if one naively evaluates the sum of
the interband and intraband contributions. This discrepancy is
due to the inconsistent treatment of disorder scattering, which
is only taken into account by the Fermi surface shift within
the relaxation time approximation. In general, the effect of
disorder scattering enters the equation via the self-energy cor-
rection and vertex correction. It is known that a consistent
treatment of the self-energy and vertex corrections up to the
same order as the perturbation (which is a disorder potential
in this case) makes the continuity equation satisfied. This is
known as the Ward identity [61]. However, such treatment
is computationally demanding, and it requires us to assume a
specific model of the disorder potential.
Instead, we propose a remedy by finding a nontrivial rela-
tion between the interband and intraband contributions. This
allows us to evaluate the response functions given by Eqs. (26)
and (29) and retain the stationary condition. We find that the
following relation holds:
1
τ
〈O〉intra =
〈
dO
dt
〉inter
(31)
as long as the operator O(k) does not have k-dependence.
The proof is presented in Appendix A. A physical interpre-
tation of Eq. (31) is the following. The right hand side
of the equation describes intrinsic pumping of O, which de-
pends only on the electronic structure. The left hand side of
the equation is related to a relaxation process, which tend to
suppress deviations from the equilibrium value of O. In the
steady state, the intrinsic pumping and the relaxation rates are
equal, thus 〈O〉intra is determined by the relaxation rate τ .
Therefore, Eq. (31) describes a balance between a tendency
to increase O by the intrinsic process and a relaxation rate by
the extrinsic process. For the spin operator, Eq. (31) holds
precisely since it does not have k-dependence. On the other
hand, the orbital angular momentum operator [Eq. (6)] de-
pends on k since it contains momentum operator p, which
turns into e−ik·rpeik·r = p + h¯k in k-space representation.
However, the k-dependence of the local orbital momentum is
usually very small within the atom-centered approximation as
it is usually dominated by a k-independent contribution, i.e.,
L(k) ≈ L(0). In Secs. III D and III E, we verify that Eq. (31)
is satisfied for the orbital angular momentum with high pre-
cision, which implies that k = 0 contribution in L(k) dom-
inates and determines overall behavior of the orbital angular
momentum operator within the atom-centered approximation.
Meanwhile, the intraband contribution alone satisfies the
steady state condition:
〈
dO
dt
〉intra
= 0. (32)
A proof of the stationary condition for the intraband contribu-
tion is given in Appendix B. Note that for the intraband contri-
bution, the stationary condition does not rely on k-dependence
of O(k), which is in contrast to the interband-intraband cor-
respondence [Eq. (31)]. Equations (31) and (32) are used to
derive the equations of motion below.
G. Steady State Equations of Motion for Spin and Orbital
Angular Momenta
By applying the interband-intraband correspondence [Eq.
(31)] to the continuity equations [Eq. (7)], we arrive at the
following equations:
1
τ
〈lα(r)〉intra = −∇r ·
〈
QLα(r)
〉inter
+
〈
TLαCF (r)
〉inter
+
〈
TLαSO (r)
〉inter
, (33a)
1
τ
〈sα(r)〉intra = −∇r ·
〈
QSα(r)
〉inter
+
〈
TSαXC(r)
〉inter
+
〈
TSαSO (r)
〉inter
. (33b)
Note that that the time dependence no longer appears since the
equations describe the steady state. Also, the hat symbol for
the Heisenberg picture is removed. Equation (33) relates the
current fluxes and torques of the intrinsic origin to the intra-
band accumulation of the orbital angular momentum and spin.
Application of Eq. (32) leads to constraints between intraband
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contributions for the current fluxes and torques of the orbital angular momentum and the spin:
−∇r ·
〈
QLβ (r)
〉intra
+
〈
T
Lβ
CF (r)
〉intra
+
〈
T
Lβ
SO (r)
〉intra
= 0, (34a)
−∇r ·
〈
QSβ (r)
〉intra
+
〈
T
Sβ
XC(r)
〉intra
+
〈
T
Sβ
SO(r)
〉intra
= 0. (34b)
The above equations constitute equations of motion for the
spin and orbital angular momenta, which are coupled by the
spin-orbit coupling, in the steady state reached after an exter-
nal electric field has been applied. This is one of the main
results of our work. Previous theories on the current-induced
torque have focused on evaluating linear response of the ex-
change torque [Eq. (15)] [35–39, 62, 63]. In contrast, Eqs.
(33) and (34) enable one to identify individual microscopic
mechanisms responsible for current-induced torque, as we il-
lustrate next.
III. FIRST-PRINCIPLES CALCULATIONS
In this section we apply the formalism presented in the pre-
vious section to two specific systems: W/Fe and W/Ni bilay-
ers. Before presenting an in-depth analysis of these systems
based on the formalism presented in the previous section, it
is useful to begin with an overview of the systems’ behav-
ior. The angular momentum flows that we calculate for the
two systems are illustrated schematically in Fig. 3. For the
W/Fe system, the flux of orbital angular momentum into the
ferromagnetic layer is mostly transferred to a torque on the
lattice, while the flux of spin angular momentum is mostly
transferred to a torque on the magnetization. This behavior
is emblematic of the conventional spin Hall effect combined
with spin transfer picture of spin-orbit torque in bilayer sys-
tems. The W/Ni system exhibits qualitatively different behav-
ior: the orbital angular momentum flux entering the ferromag-
netic layer contributes substantially to the torque on the mag-
netization, indeed a magnitude which exceeds the contribution
from the spin current flux. In this case, the more prominent
spin-orbit coupling in Ni enables a flow of angular momen-
tum from orbital to spin degrees of freedom. The distinction
between W/Fe and W/Ni is evident by a different sign of the
current-induced torque on the magnetization in the two sys-
tems (equivalently, a different sign of the effective spin Hall
effect). In the following sections we begin with a description
of the key differences in the electronic structure of the two sys-
tems which underlie the difference in their magnetic response.
We then briefly discuss the symmetry constraints on the sys-
tem, and finally present an in-depth analysis of the terms en-
tering the conservation of angular momentum in Eq. (33).
FIG. 3. Schematics of the angular momentum flow in (a) W/Fe and
(b) W/Ni. We note that (a) in W/Fe a torque on the magnetization is
mostly coming from the spin current influx. (b) On the other hand,
in W/Ni, there is a significant contribution of the spin-orbital torque
to the magnetization torque.
A. Motivation for Choice of Material Systems
One of the main motivations in choosing a material sys-
tem is to find a system with dominant orbital torque behav-
ior, which has been elusive since the first theoretical predic-
tion [30], and compare with a conventional system where the
spin torque is dominant. To do this, consider a case in which
the signs of the orbital torque and spin torque are opposite.
The sign of the net torque acting on the local magnetic mo-
ment will vary depending on whether the orbital torque is
larger than the spin torque, or vice versa. This implies that
when the orbital torque is dominant over the spin torque, the
sign of the torque acting on the local moment can be opposite
to that expected from the spin torque mechanism only. This
situation can be realized either (1) when the spin Hall effect
and orbital Hall effect in the nonmagnet have opposite signs
and the spin-orbit correlation in the ferromagnet is positive
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FIG. 4. Competition between the orbital torque and the spin torque
when the directions of the orbital Hall effect and spin Hall effect are
opposite in the nonmagnet (NM). In the ferromagnet (FM), rotations
of the angular momentum represent angular momentum transfer to
the local magnetic moment by dephasing, whose directions are op-
posite for the spin injection and orbital injection.
or (2) when the spin Hall effect and orbital Hall effect in the
nonmagnet have same sign and the spin-orbit correlation in
the ferromagnet is negative. The spin-orbit correlation in the
ferromagnet is important in the orbital torque mechanism be-
cause the injected orbital angular momentum in the ferromag-
net first couples to the spin and then exerts a torque on the
local magnetic moment. For typical 3d ferromagnets, such
as Fe, Co, and Ni, the spin-orbit correlation is expected to be
positive as d shells are more than half-filled, which tends to
align the orbital and spin angular momenta along the same
direction. Thus, we aim to achieve the case (1), which is
schematically illustrated in Fig. 4. As the directions orbital
Hall effect and spin Hall effect are opposite, the angular mo-
mentum transfers by dephasing, which are represented as the
rotation of the arrows in the ferromagnet in Fig. 4, are also
opposite.
One of the key features of the orbital torque mechanism
is that it relies on the spin-orbit coupling of the ferromagnet,
thus the orbital torque depends on the choice of the ferromag-
net. Although the spin-orbit coupling strength is similar for
typical 3d ferromagnets such as Fe, Co, and Ni, the resulting
effect of spin-orbit coupling depends on details of the elec-
tronic structure, such as the band structure, band filling, mag-
nitude of the exchange splitting, etc. This explains a notice-
able difference of the spin Hall conductivities of Fe and Ni:
σFeSH = 519 (h¯/e)(Ωcm)
−1 and σNiSH = 1688 (h¯/e)(Ωcm)
−1
[27]. Thus, even among 3d ferromagnets the effective spin-
orbit coupling strength − which incorporates not only the
spin-orbit coupling itself but also electronic structure effects
− can vary significantly. We expect that the effective spin-
orbit coupling strength is much stronger in Ni than in Fe, and
we show this by explicit calculations below.
Therefore, we consider nonmagnet/ferromagnet bilayers
where the nonmagnet exhibits an opposite sign of the orbital
Hall effect and spin Hall effect, while the ferromagnet is var-
ied such that the strength of effective spin-orbit coupling is
controlled. This leads us to the choice of Fe/W and Ni/W bi-
layers − two prototypical systems that satisfy these criteria.
For W, the orbital Hall conductivity is by an order of magni-
tude larger than the spin Hall conductivity, with opposite sign
[31]. A reason for choosing Fe and Ni as ferromagnets comes
from the expectation that the orbital-to-spin conversion effi-
ciency of the orbital torque mechanism is much larger in Ni
than it is in Fe. Moreover, both materials can be grown epi-
taxially along the [110] direction of the body-centered cubic
(bcc) structure. We denote these systems as Fe/W(110) and
Ni/W(110), respectively. Meanwhile, Fe/W(110) has been
previously studied for the anisotropic Dzyaloshinskii-Moriya
interactions for stabilizing the anti-Skyrmion [64].
Figures 5(a) and 5(b) respectively display side and top
views of the ferromagnet/W(110) structure, where ferromag-
net = Fe or Ni. We consider 8 layers of W and 2 layers of
the ferromagnet. We denote the magnetic atom closest to the
interface as Fe1 and Ni1, while the magnetic atom at the sur-
face of the slab is marked as Fe2 and Ni2. For the bcc(110)
stack of the W layers, we assume that the film follows the
bulk lattice parameters of the bcc W, whose lattice constant
is a = 6.028a0 in the cubic unit cell convention, where a0 is
the Bohr radius. As a result, the distance between the neigh-
boring layers of W is dW−W = a/
√
2 = 4.263a0. The in-
plane unit cell is of a rectangular shape, whose length along
the [001] and [1¯10] directions are a = 6.028a0 and b =√
2a = 8.525a0, respectively. The layer distances between
W-ferromagnet and ferromagnet-ferromagnet were optimized
in order to minimize the total energy: dW−Fe = 3.825a0 and
dFe−Fe = 3.296a0 for Fe/W(110), and dW−Ni = 3.607a0
and dNi−Ni = 3.301a0 for Ni/W(110). We assume that the
local magnetic moment is oriented along the direction of −zˆ,
where zˆ is defined as the direction of [110]. The details of
first-principles calculation are given in Appendix C.
B. Spin-Orbit Correlation and Orbital Quenching
The calculated electronic band structures of Fe/W(110) and
Ni/W(110) are shown in Figs. 5(c) and 5(d), respectively. On
top of each energy band Enk, the spin-orbit correlation in the
ferromagnet 〈L · S〉FMnk is shown in color, which is defined as
〈L · S〉FMnk =
∑
z∈FM
〈ψnk|Pz (L · S)Pz |ψnk〉 . (35)
Here, |ψnk〉 is the Bloch state of band n at k-point k, and Pz
is the projection operator onto a layer whose index is z. It can
be seen that near the Fermi energy EF, the spin-orbit correla-
tion is negligible in Fe/W(110). The hotspot of this quantity
is located about 1.0 eV below the Fermi energy, whose ef-
fect is negligible in the steady state transport. On the other
hand, in Ni/W(110) the spin-orbit correlation is much more
pronounced for states near the Fermi energy. The positive sign
of this correlation tends to align the orbital angular momentum
and the spin in the same direction.
The difference in the spin-orbit correlation directly affects
the orbital moment of the ferromagnet in equilibrium. In Figs.
5(e) and 5(f), spin and orbital magnetic moments are plot-
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FIG. 5. (a) Crystal structure of ferromagnet (FM)/W(110), where FM = Fe or Ni. Side and top views are displayed on the left and
right, respectively. (b) First Brillouin zone and high symmetry points of bcc(110) film. Electronic energy dispersion Enk and the spin-orbit
correlation in the ferromagnet 〈L · S〉FMnk for (c) Fe/W(110) and (d) Ni/W(110), which are represented by the line and color map, respectively.
Note that 〈L ·S〉FMnk is much more pronounced in Ni compared to Fe near the Fermi energy EF. Layer-resolved plots of the spin (blue squares)
and orbital (red stars) moments for (e) Fe/W(110) and (f) Ni/W(110). Comparing Fe/W(110) and Ni/W(110), the spin moment in Fe is much
larger than that in Ni, but the relative ratio of the orbital moment over the spin moment is much larger in Ni. This implies that the orbital degree
of freedom is not frozen in Ni/W(110), while it is quenched in Fe/W(110).
ted in each layer for Fe/W(110) and Ni/W(110), respectively.
Blue square symbols and red star symbols respectively indi-
cate the spin and orbital moments. For Fe/W(110) [Fig. 5(e)],
the magnitude of the spin moment is large: +2.259 µB and
+2.856 µB for Fe1 and Fe2, respectively. On the other hand,
the orbital moments of Fe1 and Fe2 are small: +0.069 µB and
+0.079 µB, respectively. The ratio of the orbital moment over
the spin moment is 3.06 % and 2.76 % for Fe1 and Fe2, re-
spectively, which is fairly small. Thus, the orbital magnetism
is strongly quenched in Fe. This implies that even though the
orbital angular momentum may be injected into Fe, i.e., by
the orbital Hall effect of W, it is likely that most of the orbital
angular momentum is relaxed to the lattice through the crys-
tal field torque [Eq. (12)] instead of being transferred to the
angular momentum of the spin through the spin-orbital torque
[Eq. (13)]. Therefore, in Fe/W(110), it is expected that the or-
bital torque mechanism is not significant and the spin torque
mechanism will be dominant, in accordance with common ex-
pectation. Meanwhile, we find proximity magnetism in W8 by
the hybridization with Fe, where the spin and orbital moments
are −0.114 µB and −0.009 µB, respectively.
In contrast to Fe/W(110), Ni atoms in Ni/W(110) exhibit
much smaller spin moment but relatively large orbital mo-
ment. The spin moments are +0.146 µB, +0.510 µB and
the orbital moments are +0.023 µB, +0.070 µB for Ni1 and
Ni2, respectively. Remarkably, the ratio of the orbital moment
over the spin moment is 15.64 % and 13.80 % for Ni1 and
Ni2, respectively. Thus, the orbital moment is far from be-
ing quenched in Ni. Such electronic structure, which is prone
to the formation of the orbital angular momentum, promotes
the mechanism where an orbital Hall effect-induced orbital
angular momentum can efficiently couple to the spin, result-
ing in the torque on the local magnetic moment. Therefore,
at this point we expect that the orbital torque can be signif-
icantly larger than the spin torque in Ni/W(110), leading to
the opposite effective spin Hall angle when compared to the
Fe/W(110) bilayer.
C. Symmetry Constraints
Before presenting the results of first-principles calculations,
we consider symmetry constraints on the electric response for
quantities taking part in the equations of motion. We define
xˆ ‖ [001], yˆ ‖ [11¯0], and zˆ ‖ [110], and apply an external
electric field along the xˆ direction. We consider a situation
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(a)
(b)
(c)
(d)
FIG. 6. Electric response (per unit cell) of Ly and Sy current influxes − Φ[QLyz ] and Φ[QSyz ] − and various torques − TLySO , TLyCF , TSySO , and
T
Sy
XC − arising from the interband processes and accumulation, and arising from the intraband processes (divided by τ ) in Fe/W(110). Spatial
profiles for (a) orbital and (b) spin quantities at the true Fermi energy EF = EtrueF . Fermi energy dependence for (c) orbital and (d) spin
quantities, summed over the ferromagnet layers (Fe1 and Fe2). Note that the sum of the interband responses of the orbital/spin current influx
and the total torque (TLy = TLySO + T
Ly
CF and T
Sy = T
Sy
SO + T
Sy
XC for orbital and spin, respectively) matches with the intraband response of
the orbital/spin accumulation divided by τ .
when mˆ = −zˆ, for which the symmetry analysis reveals that
only the y component is nonzero in Eq. (33). On the other
hand, for the equations of motion of the intraband contribution
[Eq. (34)], the x component is the only non-zero component.
Thus, we present the result for α = y and β = x in Eqs. (33)
and (34), respectively. Details of the symmetry analysis are
explained in Appendix D. The current-induced torque on the
local magnetic moment is given by
Tm = − 〈TSXC〉inter − 〈TSXC〉intra (36a)
= −yˆ
〈
T
Sy
XC
〉inter
− xˆ
〈
TSxXC
〉intra
. (36b)
We further decompose Tm into dampinglike (TDL) and field-
like (TFL) components:
Tm = TDLmˆ× (mˆ× yˆ) + TFLmˆ× yˆ
= −TDLyˆ + TFLxˆ, (37)
By comparing Eqs. (36b) and (37), we have
TDL =
〈
T
Sy
XC
〉inter
, (38a)
TFL = −
〈
TSxXC
〉intra
. (38b)
Below, we present the analysis for Ly and Sy components of
quantities from Eqs. (33a) and (33b), respectively, which is
closely related to that of the dampinglike torque. The anal-
ysis for Lx and Sx from Eqs. (34a) and (34b) is presented
in the Appendix E. In order to perform the decomposition of
the computed quantities into contributions coming from each
atomic layer, we adopt the tight-binding representation of the
equations of motion, as explained in detail in Appendix F. In
the tight-binding representation, we denote orbital and spin
current influxes, which correspond to the first terms in the
right hand side of Eqs. (7a) and (7b), as Φ[QLαz ] and Φ[Q
Sα
z ].
D. Fe/W(110)
In Fig. 6(a), spatial profiles of individual terms appearing
in Eq. (33a) are shown for Ly . Note that the current influx
and torque have the same dimension, thus we omit the labels
for the current influx in the y-axes. We find that 〈Φ[QLyz ]〉inter
(blue squares) is negative near W1 and positive at W8, which
corresponds to a positive sign of the orbital Hall conductiv-
ity. In concurrence with 〈Φ[QLyz ]〉inter, 〈TLyCF〉inter (purple di-
amonds) appears in the opposite sign. However, 〈TLySO〉inter
(red stars) is much smaller than 〈Φ[QLyz ]〉inter and 〈TLyCF〉inter.
This means that most of the the orbital current influx is ab-
sorbed by the lattice. Meanwhile, the sum of 〈Φ[QLyz ]〉inter
and the total torque 〈TLy 〉inter = 〈TLySO〉inter + 〈TLyCF〉inter
(cyan crosses), which corresponds to the right hand side of
Eq. (33a), matches 〈Ly〉intra/τ (black dashed line), which
corresponds to the left hand side of Eq. (33a). This confirms
the validity of the equation of motion Eq. (33a). Slight de-
viations are due to a finite η parameter assumed in the calcu-
lation of the interband responses by Eq. (26) (Appendix C)
and k-dependence of the orbital angular momentum operator
(Appendix A).
Analogously, spatial profiles of the individual terms appear-
ing in Eq. (33b), related to the spin degree of freedom, are
displayed in Fig. 6(b). We remark that the responses related
to spin are an order of magnitude smaller than those related to
the orbital channel in Fig. 6(a). This is natural since the spin
dynamics is caused by the orbital dynamics that occurs first.
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From the sign of 〈Φ[QSyz ]〉inter (light blue squares), which is
positive near W1 and negative near W8, we conclude that the
sign of the spin Hall conductivity is negative. Only in Fe
layers, 〈TSyXC〉inter (orange circles) is sizable, where the ex-
change interaction is dominant. The overall positive sign of
〈TSyXC〉inter in Fe layers corresponds to a negative sign of the
effective spin Hall angle. We observe a strong correlation be-
tween 〈Φ[QSyz ]〉inter and 〈TSyXC〉inter. This implies that the spin
current influx is mostly transferred to the local magnetic mo-
ment, which agrees with the spin torque mechanism. Mean-
while, 〈TSySO〉inter (dark red stars) is much smaller, but not neg-
ligible. The sum of 〈Φ[QSyz ]〉inter and the total torque on the
spin 〈TSy 〉inter = 〈TSySO〉inter + 〈TSyXC〉inter (green crosses),
the right hand side of Eq. (33b), corresponds to 〈Sy〉intra/τ
on the left hand side (black dashed line).
A pronounced value of 〈Φ[QSyz ]〉inter near the Fe layers,
compared to its value at W1, may seem anomalous [Fig. 6(b)].
However, it can be understood by looking at 〈Sy〉intra, which
exhibits a much more pronounced magnitude in W1 and W2,
as compared to its value in Fe1 and Fe2. That is, in Fe1 and
Fe2, the spin current is efficiently absorbed by the ferromag-
net instead of inducing the spin accumulation. The situation
is opposite in W1 and W2, where such spin current absorp-
tion is not possible, and the spin current simply results in spin
accumulation. A similar behavior, where the spin current is
strongly enhanced near the ferromagnet interface, has been
also predicted in Co/Pt [36] and Py/Pt [65].
To understand the predicted behavior in terms of the elec-
tronic structure, we present the Fermi energy dependence
of the computed quantities in Figs. 6(c) and 6(d) for spin
and orbital channels, respectively, where a superscript FM
means that it is summed over Fe1 and Fe2 layers. To arrive
at these plots, we intentionally varied the Fermi energy EF
from −2 eV to +2 eV with respect to the true Fermi energy
EtrueF , assuming that the potential [Eq. (2)] remains invari-
ant when EF changes. For the orbital channel [Eq. (33a)
and Fig. 6(c)], we observe that 〈Φ[QLyz ]〉inter (blue solid line)
and 〈TLyCF〉inter (purple solid line) tend to cancel each other.
Meanwhile, 〈TLySO〉inter (red solid line) is smaller than the rest
of the contributions. Thus, most of the orbital angular mo-
mentum is transferred to the lattice instead of the spin. We
find that the equation of motion [Eq. (33a)] is valid over
the whole range of EF, where the sum of 〈Φ[QLyz ]〉inter and
〈TLy 〉inter (cyan solid line) corresponds to 〈Ly〉intra/τ (black
dashed line). The Fermi energy properties for the spin channel
[Eq. (33b)] are shown in Fig. 6(d). Here, a strong correlation
between 〈Φ[QSyz ]〉inter (light blue solid line) and 〈TSyXC〉inter
(orange solid line) can be observed. We thus conclude that
the spin torque mechanism is dominant over the whole range
of EF. At the same time, 〈TSySO〉inter (dark red solid line) is
suppressed, which implies that the contribution to the current-
induced torque caused by the spin-orbit coupling in the ferro-
magnet, i.e., the orbital torque and anomalous torque mecha-
nisms, is negligible.
In order to clarify the microscopic mechanism of the
current-induced torque better, we intentionally switch on and
(a)
(b)
W-SOC on, Fe-SOC off
W-SOC off, Fe-SOC on
FIG. 7. Fermi energy dependence of interband responses (per
unit cell) of the spin current influx Φ[QSyz ] (light blue solid line),
spin-orbital torque TSySO (dark red solid line), and exchange torque
T
Sy
XC (orange solid line), which are summed over the Fe layers in
Fe/W(110). (a) The result when spin-orbit coupling is on in W and
off in Fe, and (b) the result when spin-orbit coupling is off in W and
on in Fe.
off the spin-orbit coupling in Fe or W atoms. When spin-orbit
coupling is on in W and off in Fe [Fig. 7(a)], the Fermi en-
ergy dependence of 〈Φ[QSyz ]〉inter (light blue solid line) per-
fectly matches that of〈TSyXC〉inter with reversed sign (orange
solid line), which supports the spin torque mechanism. On
the other hand, 〈TSySO〉inter (dark red solid line) is essentially
zero due to the absence of spin-orbit coupling in Fe. Mean-
while, when spin-orbit coupling is off in W and on in Fe [Fig.
7(b)], all the responses become very small. Thus, any contri-
bution arising from the spin-orbit coupling of the ferromagnet
(orbital torque or anomalous torque) is negligible.
E. Ni/W(110)
In Figs. 8(a) and 8(b) we show the plots of layer-resolved
individual terms appearing in the equation of motion [Eq.
(33)] for the y component of the orbital and spin parts, respec-
tively, in Ni/W(110). In Fig. 8(a), we find that the orbital Hall
conductivity is positive in sign according to 〈Φ[QLyz ]〉inter
(blue squares). As in the case of Fe/W(110), 〈Φ[QLyz ]〉inter
and 〈TLyCF〉inter (purple diamonds) are only different in sign,
implying that the orbital angular momentum is transferred
to the lattice. Thus, 〈TLySO〉inter (red stars) is much smaller.
These features are similar to those we found in Fe/W(110).
The interband-intraband correspondence between 〈Ly〉intra/τ
(black dashed line) and the sum of 〈Φ[QLyz ]〉inter and total
torque 〈TLy 〉inter (cyan crosses) is also preserved.
On the other hand, as shown in Fig. 8(b), spatial pro-
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(a)
(b)
(c)
(d)
FIG. 8. Electric response (per unit cell) of Ly and Sy current influxes − Φ[QLyz ] and Φ[QSyz ] − and various torques − TLySO , TLyCF , TSySO , and
T
Sy
XC − arising from the interband processes and accumulation, and arising from the intraband processes (divided by τ ) in Ni/W(110). Spatial
profiles for (a) orbital and (b) spin quantities at the true Fermi energy EF = EtrueF . Fermi energy dependence for (c) orbital and (d) spin
quantities, summed over the ferromagnet layers (Ni1 and Ni2). Note that the sum of the interband responses of the orbital/spin current influx
and the total torque (TLy = TLySO + T
Ly
CF and T
Sy = T
Sy
SO + T
Sy
XC for orbital and spin, respectively) matches with the intraband response of
the orbital/spin accumulation divided by τ .
files of spin quantitites are significantly different from those
of Fe/W(110). First, we notice that 〈Φ[QSyz ]〉inter (light blue
squares) does not exhibit a close correlation with 〈TSyXC〉inter
(orange circles). Moreover, the sign of 〈TSyXC〉inter is negative.
This means positive effective spin Hall angle in Ni/W(110),
which is opposite to the negative sign of the spin Hall con-
ductivity in W. This is in contrast to the common interpre-
tation that the spin Hall angle is a property of the nonmag-
net, regardless of the ferromagnet. Second, 〈TSySO〉inter (dark
red stars) is comparable to the rest of the contributions, in-
dicating the importance of spin-orbit coupling in Ni. Mean-
while, the interband-intraband correspondence stands with
high precision (green crosses for the sum of 〈Φ[QSyz ]〉inter and
〈TSy 〉inter, and a black dashed line for 〈Sy〉intra/τ ).
The Fermi energy dependence of the computed quantities,
shown in Figs. 8(c) and 8(d) for orbital and spin channels
respectively, provides a detailed information on the overall
trend. Although 〈Φ[QLyz ]〉inter and 〈TLyCF〉inter have opposite
sign, their magnitudes differ we find that 〈TLySO〉inter is very
pronounced near the Fermi energy, with corresponding peak
indicated with a black arrow [Fig. 8(c)]. Since the response of
the spin quantities is an order of magnitude smaller than that
for the orbital channel, the pronounced spin-orbital torque,
which is still much smaller than 〈Φ[QLyz ]〉inter and 〈TLyCF〉inter,
can have a significant effect on the dynamics of spin. In con-
currence with the increase of 〈TLySO〉inter, 〈TLyCF〉inter is signif-
icantly decreased near the Fermi energy. This implies that a
channel for the orbital angular momentum transfer to the lat-
tice is suppressed.
As a result, the response of spin in Ni/W(110) exhibits a
much more rich and complicated behavior when compared to
Fe/W(110) [Fig. 8(d)]. We first notice that the correlation
between 〈Φ[QSyz ]〉inter (light blue solid line) and 〈TSyXC〉inter
(orange yellow solid line) is no longer present. Moreover,
with the negative drop of 〈TSyXC〉inter, corresponding to the
positive sign of the effective spin Hall angle, there is an as-
sociated positive peak from 〈TSySO〉inter (dark red solid line),
which is indicated with a black arrow. This indicates that the
spin is transferred from the orbital rather than spin current in-
flux. Therefore, the orbital angular momentum is responsible
for the current-induced torque in Ni/W(110). Meanwhile, the
interband-intraband correspondence (green solid line for the
sum of 〈Φ[QSyz ]〉inter and 〈TSy 〉inter and black dashed line
for 〈Sy〉intra/τ ) is satisfied.
As we have done for Fe/W(110), we switch on and off
the spin-orbit coupling separately for W and Ni atoms in
Ni/W(110) as well, showing the results in Fig. 9. In Fig. 9(a),
the Fermi energy dependence of 〈Φ[QSyz ]〉inter, 〈TSySO〉inter,
and 〈TSyXC〉inter is shown when the spin-orbit coupling of W
is on and the spin-orbit coupling of Ni is off. First of all, we
find that 〈TSyXC〉inter is positive at the Fermi energy, which is
opposite to the full-spin-orbit coupling case [Fig. 8(d)]. In this
case, we find a strong correlation between 〈Φ[QSyz ]〉inter and
〈TSyXC〉inter. Thus, the negative sign of the effective spin Hall
angle is caused by the spin injection from the spin Hall effect
of W. However, such correlation is not as perfect as in the case
of Fe/W(110) [Fig. 7(a)]. We attribute such difference to an
interfacial mechanism, where the torque is generated regard-
less of the spin current. Meanwhile, 〈TSySO〉inter is negligible
since the spin-orbit coupling of Ni is off.
When the spin-orbit coupling is off in W and on in Ni,
nontrivial features show up in 〈Φ[QSyz ]〉inter, 〈TSySO〉inter, and
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(a)
(b)
W-SOC on, Ni-SOC off
W-SOC off, Ni-SOC on
(c) W-SOC off, Ni-SOC on (E-field in W)
W-SOC off, Ni-SOC on (E-field in Ni)(d)
FIG. 9. Fermi energy dependence of interband responses (per
unit cell) of the spin current influx Φ[QSyz ] (light blue solid line),
spin-orbital torque TSySO (dark red solid line), and exchange torque
T
Sy
XC (orange solid line), which are summed over the Ni layers in
Ni/W(110), for the case when (a) the spin-orbit coupling is on in W
and off in Ni, and (b) the spin-orbit coupling is off in W and on in
Ni. Both (c) and (d) show the results when the spin-orbit coupling is
off in W and on in Ni, and the external electric field is applied only
in (c) W and (d) Ni layers.
〈TSyXC〉inter, which is in contrast to Fe/W(110) [Fig. 7(b)].
This is due to nontrivial spin-orbit correlation of Ni shown
in Fig. 5(d). Moreover, 〈TSyXC〉inter is negative at the Fermi
energy. We find that nontrivial peak features [black arrows
in Fig. 8(d)] are reproduced in this calculation. Thus, we
confirm that the latter peaks originate in the spin-orbit cou-
pling of Ni. To further clarify the microscopic mechanisms,
we apply the external electric field in W only [Fig. 9(c)] or
Ni only [Fig. 9(d)] when the spin-orbit coupling of the W
is off and the spin-orbit coupling of Ni is on, which corre-
spond to the orbital torque and the anomalous torque contri-
butions, respectively (more details can be found in the Ap-
pendix C). In both cases, 〈TSyXC〉inter exhibits a negative drop
near EF − EtrueF ≈ 0.15 eV, which is correlated with a pos-
itive peak of 〈TSySO〉inter. This implies that for both cases the
angular momentum transfer from the orbital channel to the
spin channel is crucial. The difference is that for the orbital
torque mechanism, Fig. 9(c), 〈Φ[QSyz ]〉inter exhibits a positive
peak at the Fermi energy (marked with a black arrow), which
comes from the conversion of the orbital current into the spin
current by the spin-orbit coupling of Ni. We find that it is cor-
related with a shoulder feature of 〈TSyXC〉inter at the Fermi en-
ergy (marked with a black arrow). Such peak of 〈Φ[QSyz ]〉inter
implies that in the orbital torque mechanism, there are two
different microscopic channels for the orbital-to-spin conver-
sion: one for the spin converted from the orbital angular mo-
mentum via 〈TSySO〉inter, and the other for the conversion of
the orbital current into the spin current followed by the spin-
transfer torque. Meanwhile, in Fig. 9(d), which corresponds
to the anomalous torque mechanism, 〈Φ[QSyz ]〉inter is not very
pronounced, and only the peak of 〈TSySO〉inter is observed (in-
dicated with a black arrow). The negative sign of 〈TSyXC〉inter
(positive sign of the effective spin Hall angle) is due to a pos-
itive sign of the spin Hall conductivity in Ni. We note that, as
expected, for the anomalous torque mechanism, the orbital-
to-spin conversion via 〈TSySO〉inter is crucial since it originates
in the spin-orbit coupling of the ferromagnet. Therefore, we
conclude that in Ni/W(110) the orbital torque and anomalous
torque are the first and the second dominant mechanisms for
the torque generation on the local magnetic moment.
IV. DISCUSSION
A. Disentangling Different Microscopic Mechanisms
In Sec. III, we found that the spin torque provides the dom-
inant contribution to the current-induced torque in Fe/W(110)
according to the correlation between the exchange torque and
the spin current influx from W, which is reflected in the neg-
ative effective spin Hall angle [Fig. 7(a)]. In Ni/W(110), on
the other hand, the orbital torque is found to be the most dom-
inant contribution. The evidence for the orbital torque is pro-
vided by pronounced peaks in the spin-orbital torque and the
spin current influx that suggests a positive effective spin Hall
angle, associated with the exchange torque [Fig. 9(c)]. How-
ever, we also observed that the anomalous torque can be asso-
ciated with the spin-orbital torque [Fig. 9(d)] because the self-
induced spin accumulation in the ferromagnet results from the
current-induced orbital angular momentum. A crucial differ-
ence between the orbital torque and anomalous torque is that
while the orbital torque is due to an electrical current flowing
in the nonmagnet, the anomalous torque is due to an electrical
current passing through the ferromagnet. In this respect, only
the orbital torque is important for memory applications where
the ferromagnetic layer must be patterned to form a physically
separate memory cell, whereas both orbital torque and anoma-
lous torque are important for applications based on magnetic
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(a) (b)Fe/W(110) Ni/W(110)
FIG. 10. Disentanglement of the dampinglike torque into the spin
torque, orbital torque, interfacial torque, and anomalous torque in
(a) Fe/W(11) and (b) Ni/W(110). Note that the spin torque and or-
bital torque are the most dominant mechanisms in Fe/W(110) and
Ni/W(110), respectively. We note that the interfacial torque and
anomalous torque are not negligible neither in Fe/W(110) nor in
Ni/W(110).
textures (i.e., domain walls and Skyrmions) for which such
patterning is not necessary.
We can disentangle each of the contributions in the current-
induced torque of Fe/W(110) and Ni/W(110), according to the
classification scheme outlined in Sec. II B. The different con-
tributions to the current-induced torque can be disentangled
by modifying the system parameters “by hand” in the calcula-
tion. To distinguish between local and nonlocal contributions
to the torque, the electric field is selectively applied to only the
ferromagnetic or nonmagnetic layer, respectively. We note,
however, that this is an approximate measure since an electric
current may flow in the ferromagnet(nonmagnet) although an
electric field is applied only to the nonmagnet (ferromagnet)
layer, as the electronic wave functions are delocalized across
the film. For determining the spin-orbit coupling origin (non-
magnet versus ferromagnet), we do not simply turn on and off
the spin-orbit coupling because it causes significant change of
the band structure. Instead, we change the sign of the the spin-
orbit coupling in the relevant layer, which changes the sign of
its contribution. For example, we rely on the property that
the sign of the orbital torque and anomalous torque should be-
come opposite after flipping the sign of spin-orbit coupling in
the ferromagnet, while the spin torque and interfacial torque
remain invariant. By computing the torque under different
system configurations, the four contributions to the current-
induced torque can be determined, as illustrated in Sec. II B
and described in detail in Appendix G. By this way, the sum of
spin torque, orbital torque, interfacial torque, and anomalous
torque equals the net torque when the electric field applied to
the whole layers with actual spin-orbit coupling strength of
each atom. Although this classification scheme relies on com-
putational handles with no experimental counterpart, it pro-
vides a systematic basis for physically interpreting the results
of calculations, which in turn enables the development of in-
tuition about materials and system designs.
In Figs. 10(a) and 10(b) we show the decomposition of
the total dampinglike torque in Fe/W(110) and Ni/W(110),
respectively, into separate contributions. In Fe/W(110), the
spin torque is the most dominant contribution. However, our
analysis reveals that the interfacial torque is not negligible, ac-
counting for about 35 % of the spin torque. Overall, the spin
torque and interfacial torque are larger than the orbital torque
and anomalous torque, implying that the spin-orbit coupling
in W is more important than that in Fe. In Ni/W(110), on the
other hand, the orbital torque is the most dominant contribu-
tion. The second largest contribution is the anomalous torque,
which is comparable to a half of the orbital torque. The mag-
nitude of the interfacial torque is not much smaller, reaching
as much as 37 % of the magnitude of the orbital torque. Over-
all, the orbital torque and anomalous torque are dominant over
the spin torque and interfacial torque in Ni/W(110). This sug-
gests that the spin-orbit coupling in Ni is more important than
the spin-orbit coupling in W in this system, in contrast to an
intuitive expectation that spin-orbit coupling in 3d ferromag-
nets plays a minor role as compared to the spin-orbit coupling
of the heavy element. These results are consistent with our
analysis of the results presented in Figs. 7 and 9.
B. Orbital Current versus Spin Current
Although the orbital current [Eq. (8a)] and the spin cur-
rent [Eq. (8b)] are defined in a similar way, there are con-
ceptual differences. While the spin and its current can be
locally defined everywhere in space, the orbital angular mo-
mentum is nonzero only inside the muffin-tin within the atom-
centered approximation. Thus, the atom-centered approxima-
tion does not properly describe the interstitial region between
muffin-tins, where the orbital information is supposed to be
transported. Nonetheless, orbital current influx to a muffin-tin
can be defined even within the atom-centered approximation,
which is the reason why we evaluate the influx instead of the
current itself throughout the manuscript. Heuristically, the or-
bital angular momentum is encoded in a vorticity of the phase
of a wave function, which is exists not only in the muffin-tin
but also in the interstitial region. It is the vorticity of the wave
function that is transported through the interstitial region. The
wave function is properly described in our calculation, so that
we can reliably compute the flux of vorticity into the muffin-
tin.
As the atom-centered approximation neglects the contribu-
tion from interstitial region, the crystal field torque in our cal-
culation [Eq. (12)] only describes angular momentum transfer
from the orbital to the lattice within the muffin-tin, which is
mostly concentrated near the surfaces and the interface [Figs.
6(a) and 8(a)]. In general, we expect that nonspherical compo-
nent of the potential is more pronounced in the interstitial re-
gion, which provides another channel for angular momentum
transfer from the electronic orbital to the lattice. However, as
the d character electronic wave function of a transition metal is
localized inside the muffin-tin, we expect that additional con-
tribution to the crystal field torque from the interstitial region
is small.
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C. Experiments and Materials
Although the effective spin Hall angle measured in experi-
ments is the sum of all contributions to the torque on the local
magnetic moment, it has been assumed that it is a property of
the nonmagnet in nonmagnet/ferromagnet bilayers, which can
be incorrect. For example, we have shown that the current-
induced torque depends on the choice of the ferromagnet in
ferromagnet/W(110), where ferromagnet is Fe or Ni. In this
case, it is due to an opposite sign of the orbital Hall effect and
spin Hall effect in W, and the resulting orbital-to-spin con-
version efficiencies are different for Fe and Ni. As a result,
even the sign of the effective spin Hall angle changes: from
negative for Fe/W(110) to positive for Ni/W(110). We believe
that such change-of-sign behavior can be directly measured in
experiment. More concretely, we suggest performing a spin-
orbit torque experiment on an FeNi alloy in order to observe
change of the effective spin Hall angle as the alloying ratio
varies, with the effective spin Hall angle turning to zero at a
certain critical concentration.
We speculate that this behavior would be observed in other
systems where the orbital Hall effect competes with the spin
Hall effect. For example, among 5d elements, Hf, Ta, and Re
exhibit gigantic orbital Hall conductivity, whose sign is oppo-
site to that of the spin Hall conductivity [32]. Such behavior
holds in general for groups 4-7 among transition metals. For
3d elements, such as Ti, V, Cr, and Mn, the spin Hall con-
ductivity is much smaller than that of 5d elements, while the
orbital Hall conductivity is almost as large as in 5d elements
[34]. Thus, the orbital torque contribution is expected to be
more pronounced than the spin torque contribution when the
nominally nonmagnetic substrate is made of 3d elements, as
compared to the systems where the nonmagnet is made of 5d
elements. Therefore, alloying not only the ferromagnet but
also the nonmagnet provides a useful knob for observing com-
peting mechanisms of the current-induced torque.
Layer thickness dependence of the spin-orbit torque has
been measured in Ta/CoFeB/MgO [66] and Hf/CoFeB/MgO
[67], where the sign of the current-induced torque was found
to change when the thickness of Ta or Hf was as small as
≈ 1 nm to 2 nm. The origin of the sign change has been
attributed to the competition between the bulk and interfa-
cial mechanisms, which correspond to the spin torque and
interfacial torque mechanisms in our terminology. Recently,
such behavior has also been observed in a similar system
Zr/CoFeB/MgO [68], where a 4d element Zr was used instead
of a 5d element. Due to a negligible spin Hall conductivity
of Zr as compared to the orbital Hall conductivity, it has been
proposed that the sign change occurs due to a competition be-
tween the spin torque and orbital torque [68], instead of the
competition between the spin torque and interfacial torque.
Detailed investigation of these systems by our method may
reveal the origin of the sign change.
Another widely-studied system in spintronics is a Pt-based
magnetic heterostructure. Due to a large spin Hall conduc-
tivity of Pt [69], the spin torque is assumed to be the most
dominant mechanism of the torque in Pt-based systems [5].
In Co/Pt, however, theoretical analysis revealed that the in-
terfacial spin-orbit coupling contributes significantly to the
fieldlike torque [19, 70]. On the other hand, the damping-
like torque is attributed to the spin torque mechanism [35, 70],
which is also supported by experiments [71]. Hiroki et al.
compared Ni/Pt and Fe/Pt bilayers, finding that the current-
induced torque strongly depends on the choice of the ferro-
magnet [72]. According to their interpretation, while the bulk
effect is dominant in Ni/Pt, a pronounced interface effect in
Fe/Pt not only leads to fieldlike torque but also suppresses the
spin current injection from Pt, which leads to a distinct ferro-
magnet dependence of the torque [72]. A similar conclusion
has also been drawn in an experiment by Zhu et al., where
the interfacial spin-orbit coupling has been varied by choos-
ing different samples and annealing conditions [73]. Further
investigation of the exact mechanism in these systems by the-
ory is required.
For the study of the interplay between the spin and orbital
degrees of freedom transition metal oxides may present a very
fruitful playground. In transition metal oxides, a strong enta-
glement of the spin, orbital, and charge degrees of freedom
has been intensively studied in the past [74–76]. For exam-
ple, magnetic properties of transition metal oxides are heavily
affected by the orbital physics not only via the effect of spin-
orbit coupling but also because of the anisotropic exchange
interactions caused by the shape of participating orbitals [74].
However, most studies on the transition metal oxides have fo-
cused on their ground state properties, such as various com-
peting magnetic phases. We expect that the investigation of
the spin-orbital entangled dynamics would provide crucial in-
sights into understanding the complex physics of transition
metal oxides.
V. CONCLUSION
Motivated by various proposed mechanisms of the current-
induced torques, which are challenging to disentangle both
theoretically and experimentally, we developed a theory of
current-induced spin-orbital coupled dynamics in magnetic
heterostructures, which tracks the transfer of the angular mo-
mentum between different degrees of freedom in solids: spin
and orbital of the electron, lattice, and local magnetic moment.
By adopting the continuity equations for the orbital and spin
angular momentum [Eq. (7)], we derived equations for the an-
gular momentum dynamics in the steady state reached when
an external electric field is applied, which provide relations
between interband and intraband contributions to the current
influx, torques, and accumulation of the spin and orbital an-
gular momentum [Eqs. (33) and (34)].
This formalism is particularly useful for the detailed study
of the microscopic mechanisms of the current-induced torque
and we used its first principles implementation to investigate
the spin-orbit torque origins in Fe/W(110) and Ni/W(110) bi-
layers. In Fe/W(110), we observe a strong correlation be-
tween the spin current influx and the exchange torque, which
is a key characteristic of the spin torque mechanism. On the
other hand, such correlation is not observed in Ni/W(110).
Instead, we observe a pronounced correlation between the ex-
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change torque and the spin-orbital torque, indicating the trans-
fer of angular momentum from the orbital to the spin channel.
Moreover, the spin current influx exhibits a sign opposite to
that of the spin Hall effect in W. This leads us to a conclusion
that the orbital torque is dominant in Ni/W(110).
We further proposed a classification scheme of the different
mechanisms of current-induced torque based on the criteria of
whether the scattering source is in the nonmagnet-spin-orbit
coupling or the ferromagnet-spin-orbit coupling, and whether
the torque response is of local or nonlocal nature (Fig. 2).
This analysis also confirms that the spin torque and orbital
torque are the most dominant mechanisms in Fe/W(110) and
Ni/W(110), respectively. However, we also find that the other
contributions, interfacial torque and anomalous torque, are not
negligible as well. Our formalism enables an analysis of the
angular momentum transport and transfer dynamics in detail,
which clearly goes beyond the “spin current picture”. Since
it treats the spin and orbital degrees of freedom on an equal
footing, it is ideal for systematically studying the spin-orbital
coupled dynamics in complex magnetic heterostructures.
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Appendix A: Interband-Intraband Correspondence
Here we provide a proof of Eq. (31). We assume that the
operatorO does not have position dependence, which leads to
O(k) = e−ik·rOeik·r = O. From Eqs. (29), the left hand
side of Eq. (31) is written as
1
τ
〈O〉intra = −eEx
h¯
∑
nk
∂kxfnk 〈unk| O |unk〉 , (A1)
where we used
∂fnk
∂kx
=
∂fnk
∂Enk
∂Enk
∂kx
= f ′nkh¯ 〈unk| vx(k) |unk〉 . (A2)
Application of integration by parts to the first term in Eq. (A1)
leads to
1
τ
〈O〉intra = eEx
h¯
∑
nk
fnk[〈∂kxunk| O |unk〉
+ 〈unk| O |∂kxunk〉] . (A3)
It can be rewritten as
1
τ
〈O〉intra = eEx
h¯
∑
n 6=m
∑
k
(fnk − fmk)
×Re [〈∂kxunk|umk〉 〈umk| O |unk〉] . (A4)
By using identities
〈∂kxunk|umk〉 =
h¯ 〈unk| vx(k) |umk〉
Enk − Emk (A5)
and
〈umk| O |unk〉 = ih¯ 〈umk| (1/ih¯)[O,H(k)] |unk〉
Enk − Emk ,
(A6)
for n 6= m, we have
1
τ
〈O〉intra = −eh¯Ex
∑
n 6=m
∑
k
(fnk − fmk) Im
[ 〈unk| vx(k) |umk〉 〈umk| (1/ih¯) [O, H(k)] |unk〉
(Enk − Emk)2
]
(A7a)
= eh¯Ex
∑
n6=m
∑
k
(fnk − fmk) Im
[ 〈unk| (1/ih¯) [O,H(k)] |umk〉 〈umk| vx(k) |unk〉
(Enk − Emk + iη)2
]
(A7b)
=
〈
dO
dt
〉inter
. (A7c)
This proves Eq. (31). In case when O(k) is k-dependent, the
deviation is given by
1
τ
〈O〉deviation = −eEx
h¯
fn 〈unk| ∂kxO(k) |unk〉 , (A8)
such that
1
τ
〈O〉intra + 1
τ
〈O〉deviation =
〈
dO
dt
〉inter
(A9)
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holds even when O(k) is k-dependent.
Appendix B: Stationary Condition of the Intraband
Contribution
For a proof of Eq. (32), we apply Eq. (29) to dO/dt:〈
dO
dt
〉intra
= (B1)
−eExτ
ih¯2
∑
nk
[∂kxfnk 〈unk| [O(k),H(k)] |unk〉] .
Because
〈unk| [O(k), H(k)] |unk〉 = 0 (B2)
for any Hermitian operator O, we have〈
dO
dt
〉intra
= 0. (B3)
Appendix C: Computational Method
First-principles calculation consists of three steps. The first
step is calculation of the electronic structure from the density
functional theory. In this step, we obtain Bloch states and their
energy eigenvalues. The second step is to obtain maximally-
localized Wannier functions (MLWFs) starting from the Bloch
states obtained in the first step. Once the MLWFs are found,
matrix elements of all relevant operators (Hamiltonian, po-
sition, spin, and orbital) are expressed within the basis set of
the MLWFs. Thus, a tight-binding model is obtained. The last
step is evaluation of the interband and intraband responses of
the individual terms in the equations of motion [Eqs. (33) and
(34)] by solving the tight-binding model obtained from the
second step.
The electronic structure of ferromagnet/W(110) (ferromag-
net=Fe or Ni), whose lattice structure is shown in Fig. 5,
is calculated self-consistently in the film mode of the full-
potential linearized augmented plane wave method [77] from
the code FLEUR [78]. We use Perdew-Burke-Ernzerhof
exchange-correlation functional within the generalized gra-
dient approximation [79]. Muffin-tin radii of the ferromag-
net and W atoms are set to 2.1a0 and 2.5a0, respectively,
where a0 is the Bohr radius. The plane wave cutoff is set
to 3.8a−10 . The Monkhorst-Pack k-mesh of 24× 24 are sam-
pled from the first Brillouin zone. The spin-orbit coupling is
treated self-consistently within the second variation scheme.
The layer distances dFM−FM and dW−FM are optimized such
that the total energy is minimized. The optimized values for
Fe/W(110) are dW−Fe = 3.825a0 and dFe−Fe = 3.296a0,
and those for Ni/W(110) are dW−Ni = 3.607a0 and dNi−Ni =
3.301a0.
In order to obtain MLWFs, we initially project the Bloch
states onto dxy , dyz , dzx, and sp3d2 trial orbitals for each
atom, and minimize their spreads using the code WANNIER90
[80]. We obtain in total 180 MLWFs out of 360 Bloch states,
that is, 18 MLWFs for each atom. For the disentanglement of
the inner and outer spaces, we set the frozen window as 2 eV
above the Fermi energy. The Hamiltonian, position, spin, and
orbital operators, which are evaluated beforehand within the
Bloch basis, are then transformed to the basis of MLWFs, and
the tight-binding model is obtained.
Individual terms appearing in the equations of motion [Eqs.
(33) and (34)] are evaluated using Eqs. (26) and (29) for in-
terband and intraband contributions, respectively. The inte-
gration is performed over interpolated k-mesh of 240 × 240.
For the interband contributions, we set η = 25 meV for con-
vergence, which describes broadening of the spectral weight
by disorders. In the intraband contribution, we set the momen-
tum relaxation time as τ = h¯/2Γ with Γ = 25 meV, which
corresponds to τ = 1.26 × 10−14 s. We set the temperature
in the Fermi-Dirac distribution function as room temperature
T = 300 K. For the application of an external electric field
specifically onto ferromagnet or W layers, we replaced vx in
Eq. (26) by
vFMx =
∑
z∈FM
Pzvx + vxPz, (C1a)
vWx =
∑
z∈W
Pzvx + vxPz, (C1b)
where Pz is the projection onto the MLWFs located in a layer
whose index is z. We confirm that the 18 MLWFs are well
localized in each layer. Note that Eq. (C1) is defined such that
vx = v
FM
x + v
W
x . (C2)
Appendix D: Symmetry Analysis
In Sec. III C, we state that only y and x components
are nonzero in Eqs. (33) and (34), respectively. Here, we
prove this by symmetry argument. Two important symme-
tries present in ferromagnet/W(110), where the magnetization
is pointing the z direction, are TMx and TMy symmetries.
Here, T is the time-reversal operator andMx(y) is the mirror
reflection operator along the direction of x(y). Since all the
terms appearing in the same equation should transform in the
same way, we consider only the response of a torque operator
TJ =
dJ
dt
(D1)
for a general angular momentum operator J, which can be ei-
ther orbital and spin origin. To find symmetry constraints on
the interband [Eq. (26)] and intraband [Eq. (29)] responses,
we first investigate how matrix elements of vx and TJ trans-
form. We define UT and UMx(y) as Hilbert space representa-
tions of T and Mx(y), respectively. Note that T transforms
vx and TJ as
U−1T vxUT = −vx, (D2)
and
U−1T T
JUT = +TJ, (D3)
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respectively. On the other hand, Mx and My symmetries
transform vx and TJ as
U−1MxvxUMx = −vx, (D4a)
U−1MyvxUMy = +vx, (D4b)
and
U−1MxT
JxUMx = +T
Jx , (D5a)
U−1MxT
JyUMx = −T Jy , (D5b)
U−1MxT
JzUMx = −T Jz , (D5c)
U−1MyT
JxUMy = −T Jx , (D5d)
U−1MyT
JyUMy = +T
Jy , (D5e)
U−1MyT
JzUMy = −T Jz . (D5f)
As a result, TMx and TMy symmetries transform vx and
TJ as
U−1TMxvxUTMx = +vx, (D6a)
U−1TMyvxUTMy = −vx, (D6b)
and
U−1TMxT
JxUTMx = +T
Jx , (D7a)
U−1TMxT
JyUTMx = −T Jy , (D7b)
U−1TMxT
JzUTMx = −T Jz , (D7c)
U−1TMyT
JxUTMy = −T Jx , (D7d)
U−1TMyT
JyUTMy = +T
Jy , (D7e)
U−1TMyT
JzUTMy = −T Jz , (D7f)
where UTMx(y) = UT UMx(y) . Note that T andMx(y) com-
mute each other.
We remark that UT and UMx(y) are anti-unitary and unitary
operators, respectively. Thus, UTMx(y) is anti-unitary. For
an arbitrary anti-unitary operator Θ, a matrix element of an
operator O satisfies
〈Θφ| O |Θψ〉 = 〈φ| (Θ−1OΘ) |ψ〉∗ . (D8)
Thus, combining this result with Eqs. (D6) and (D7) pro-
vides constraints on the interband [Eq. (26)] and intraband
[Eq. (29)] contributions.
As an illustration, let us demonstrate that both interband
and intraband contributions vanishes for T Jz . We consider
TMx symmetry at first. By this, matrix elements of vx and
T Jz transform as
〈UTMxψmk| vx |UTMxψnk〉 = + 〈ψnk′ | vx |ψmk′〉 ,
(D9)
and
〈UTMxψnk|T Jz |UTMxψmk〉 = −〈ψmk′ |T Jz |ψnk′〉 ,
(D10)
where k′ = (+kx,−ky,−kz). On the other hand, TMy sym-
metry gives
〈UTMyψmk| vx |UTMyψnk〉 = −〈ψnk′′ | vx |ψmk′′〉 ,
(D11)
and
〈UTMyψnk|T Jz |UTMyψmk〉 = −〈ψmk′′ |T Jz |ψnk′′〉 ,
(D12)
where k′′ = (−kx,+ky,−kz).
A constraint for the interband contribution for T Jz [Eq.
(26)] is given by TMy symmetry:
〈
T Jz
〉inter
= eh¯Ex
∑
n 6=m
∑
k
(fnk′′ − fmk′′)Im
[ 〈UTMyψnk|T Jz |UTMyψmk〉 〈UTMyψmk| vx |UTMyψnk〉
(Enk′′ − Emk′′ + iη)2
]
(D13a)
= eh¯Ex
∑
n6=m
∑
k
(fnk′′ − fmk′′)Im
[ 〈ψmk′′ |T Jz |ψnk′′〉 〈ψnk′′ | vx |ψmk′′〉
(Enk′′ − Emk′′ + iη)2
]
(D13b)
= eh¯Ex
∑
n 6=m
∑
k
(fmk − fnk)Im
[ 〈ψnk|T Jz |ψmk〉 〈ψmk| vx |ψnk〉
(Emk − Enk + iη)2
]
(D13c)
= − 〈T Jx〉inter (D13d)
in the limit η → 0+. Thus, 〈T Jz 〉inter is forbidden by TMy
symmetry. In Eq. (D13a), we used the fact that the linear
response can also be written in terms of the transformed states.
Note that we use the Bloch state representation instead of their
periodic parts. For the intraband contribution, we have the
following constraint by TMx symmetry:
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(a)
(b)
(c)
(d)
FIG. 11. Electric response of current influxes − Φ[QLyz ] and Φ[QSyz ] − and various torques − TLySO , TLyCF , TSySO , and TSyXC − arising from
the intraband process in Fe/W(110). Spatial profiles for (a) the orbital and (b) the spin at true Fermi energy EF = EtrueF . Fermi energy
dependences for (c) the orbital and (d) the spin, which are summed over the ferromagnet layers (Fe1 and Fe2).
(a)
(b)
(c)
(d)
FIG. 12. Electric response of current influxes − Φ[QLyz ] and Φ[QSyz ] − and various torques − TLySO , TLyCF , TSySO , and TSyXC − arising from
the intraband process in Ni/W(110). Spatial profiles for (a) the orbital and (b) the spin at true Fermi energy EF = EtrueF . Fermi energy
dependences for (c) the orbital and (d) the spin, which are summed over the ferromagnet layers (Ni1 and Ni2).
〈
T Jz
〉intra
= −eExτ
h¯
∑
nk
∂k′x
[
fnk′ 〈UTMxψnk|T Jz |UTMxψnk〉
]
(D14a)
= +
eExτ
h¯
∑
nk
∂k′x
[
fnk′ 〈ψnk′ |T Jz |ψnk′〉
]
(D14b)
= − 〈T Jz〉intra . (D14c)
Therefore, both interband and intraband responses for T Jz
vanishes by the symmetries. By the procedure for different
components of the torque, we arrive at the conclusion that
the presence of TMx and TMy symmetries allows only
〈T Jy 〉inter and 〈T Jx〉intra to be nonzero.
Appendix E: Intraband Response
In Fig. 11, intraband contributions appearing in Eq. (34)
are plotted for each layer of Fe/W(110). We confirm that the
sum of the current influx and torques vanishes for the intra-
band contributions, respectively for the orbital and spin, which
confirms Eq. (34). For the orbital [Fig. 11(a)], we find that
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(a) (b)Fe/W(110) Ni/W(110)
FIG. 13. Disentanglement of the fieldlike torque into the spin
torque, orbital torque, interfacial torque, and anomalous torque in
(a) Fe/W(11) and (b) Ni/W(110). In both systems, the spin torque
is most dominant mechanism. We note that the anomalous torque is
not negligible in Ni/W(110).
〈Φ[QLxz ]〉intra tends to cancel with 〈TLxCF〉intra and 〈TLxSO〉intra
is small. Meanwhile, for the spin, not only 〈Φ[QSxz ]〉intra
and 〈TSxXC〉intra but also 〈TSxSO〉intra are of comparable mag-
nitudes, which is distinct from the interband response [Fig.
6(b)]. However, near the Fe layers, 〈TSxSO〉intra is small, and
〈TSxXC〉intra tends to cancel with 〈Φ[QSxz ]〉intra. We attribute
this behavior to small spin-orbit correlation in Fe [Fig. 5(c)],
and quenching of the orbital moment. Fermi energy depen-
dence plots in Fig. 11 also show the cancellation behaviors
between the the orbital current influx and crystal field torque,
and between the spin current influx and and the exchange
torque. Although the spin-orbital torque is not particularly
small in general, only near the true Fermi energy it is sup-
pressed. Therefore, the fieldlike torque originates in the spin
current injection (spin torque mechanism).
In Ni/W(110), for the orbital, 〈Φ[QLxz ]〉intra and 〈TLxCF〉intra
cancel each other, with small magnitude of 〈TLxSO〉intra [Fig.
12(a)]. For the spin, on the other hand, as well as
〈Φ[QSxz ]〉intra, 〈TSxSO〉intra contributes to 〈TSxXC〉intra, in com-
parable magnitudes [Fig. 12(b)]. This is due to pronounced
spin-orbit correlation of Ni at the Fermi energy [Fig. 5(d)].
The Fermi energy dependence plots in Figs. 12(c) and 12(d)
also show that the spin-orbital torque is nonnegligible at the
Fermi energy. Therefore, in Ni/W(110), the fieldlike torque is
a combined effect of the spin injection and the spin-orbit cou-
pling. Such behavior has also been observed in Pt/Co [70].
To clarify microscopic mechanisms of different origins, we
disentangle the fieldlike torque into the spin torque, orbital
torque, interfacial torque, and interfacial torque, analogously
to Fig. 10. For Fe/W(110) [Fig. 13(a)], we find that the spin
torque is the most dominant contribution, as expected. On
the other hand, for Ni/W(110) [Fig. 13(b)], not only the spin
torque but also the anomalous torque significantly contributes.
This is due to pronounced spin-orbit correlation in Ni. Mean-
while, we also find that the interfacial torque is not negligible.
Appendix F: Tight-binding Representation of the Continuity
Equation
Here, we derive a tight-binding representation of the current
influx and torque appearing in the continuity equation [Eq.
(7)]. To do this, we first define Pz as a projection operator
onto a set of MLWFs located near a layer whose index is z.
Then, for the spin operator S, we define
S(z) =
1
2
[SPz + PzS] (F1)
as the spin operator at z, such that
S =
∑
z
S(z). (F2)
The Heisenberg equation of motion for S(z) is written as
dS(z)
dt
=
1
ih¯
[S(z),H] (F3a)
=
1
2ih¯
[SPz, PzS,H] (F3b)
=
1
2ih¯
{[S,H]Pz + S[Pz,H]
+[Pz,H]S + Pz[S,H]} (F3c)
= TS(z) + Φ[jS](z). (F3d)
We define local torque operator at z by
TS(z) =
1
2ih¯
{Pz[S,H] + [S,H]Pz} (F4a)
=
1
2
[
TSPz + PzT
S
]
, (F4b)
where
TS =
1
ih¯
[S,H] (F5)
is the total torque operator, and we define
Φ[jS](z) =
1
2ih¯
{
[Pz,H]S + S[Pz,H]
}
(F6)
the spin current influx at z.
Although Φ[jS](z) may not seem intuitive, it corresponds
to an usual definition of the spin current influx. To demon-
strate this point, we consider the case where P = |r〉 〈r| and
H = −h¯2∇2r/2m, where |r〉 is an eigenket for the position
operator r. Then Φ[jS] becomes
Φ[jS] =
1
2ih¯
{
|r〉 〈r|HS−H |r〉 〈r|S
+S |r〉 〈r|H − SH |r〉 〈r|
}
. (F7)
Thus, a matrix element between states φ and ψ is written as
〈φ|Φ[jS] |ψ〉 = ih¯
2m
{
φ∗(r)S
[∇2rψ(r)]
− [∇2rφ∗(r)]Sψ(r)} (F8a)
= −∇r · 〈φ| jS |ψ〉 , (F8b)
where
〈φ| jS |ψ〉 = − ih¯
2m
{
φ∗(r)S [∇rψ(r)] + [∇rφ∗(r)] Sψ(r)
}
.
(F9)
From Eq. (F9), we find that this is consistent with usual defini-
tion of the spin current jS = S⊗ (p/m). Therefore, Eq. (F6)
can be understood as an operator of the spin current influx to
the subspace defined by the projection Pz .
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Appendix G: Disentangling Different Contributions of the
Current-Induced Torque
To disentangle different contributions of the torque (Figs.
10 and 13), we utilize a property that upon changing the
sign of the spin-orbit coupling constant the orbital torque and
anomalous torque flip their signs while the signs of the spin
torque and interfacial torque remains invariant. That is, the
total exchange torque is decomposed as the sum of the con-
tribution driven by the spin-orbit coupling in the nonmagnet
and the contribution driven by the spin-orbit coupling in the
ferromagnet:〈
TSXC
〉tot
=
〈
TSXC
〉NM−SOC
+
〈
TSXC
〉FM−SOC
. (G1)
In an auxiliary system where the sign of the spin-orbit cou-
pling is flipped in the ferromagnet atoms, the exchange torque
becomes〈
TSXC
〉aux
=
〈
TSXC
〉NM−SOC − 〈TSXC〉FM−SOC . (G2)
Thus, the nonmagnet-spin-orbit coupling contribution is writ-
ten as
〈
TSXC
〉NM−SOC
=
1
2
[〈
TSXC
〉tot
+
〈
TSXC
〉aux]
, (G3)
and the ferromagnet-spin-orbit coupling contribution is writ-
ten as
〈
TSXC
〉FM−SOC
=
1
2
[〈
TSXC
〉tot − 〈TSXC〉aux] . (G4)
Then, by applying the electric field only in the nonmagnet or
ferromagnet layers by Eq. (C1), we can separately evaluate
the spin torque, orbital torque, anomalous torque, and interfa-
cial torque.
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